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Abstract 

Freed, Hopkins and Teleman constructed an isomorphism (we call it 
FHT isomorphism) between twisted equivariant A-theory of compact Lie 
group G and the “Verlinde ring” of the loop group of G ( [FHTlj [FHT2| 
|FHT3| L However, this isomorphism does not hold naturality with re¬ 
spect to group homomorphisms. We construct two “quasi functors” t.e.K 
and RL so that FHT isomorphism is natural transformation between 
two “quasi functors” for tori, that is, we construct two “induced homo¬ 
morphisms” : t.e.K{T' ,t) —^ t.e.K(T, f*T) and f' : RL{T',t) —>■ 
RL(T, f*T) for f : T ^ T' whose tangent map is injective. In fact, we 
construct another quasi functor char and verify that three quasi functors 
are naturally isomorphic. 

Moreover, we extend the quasi functor t.e.K and char to compact 
connected Lie group with torsion-free tti and homomorphism f : H ^ G 
satisfying the decomposable condition, and verify that they are isomor¬ 
phic. This is a generalization of naturality of ^ char{G, t) 

verified in |FHT1| . 


Introduction 

Study of loop groups of compact Lie groups is extensively developed especially 
from the view point of representation theory. On the other hand, twisted K- 
theory was introduced by Donovan and Karoubi [Karoubi] . and interest in it 
was rekindled by its appearance in string theory. Freed, Hopkins and Teleman 
connected them ( [FHT2| ). In this paper, we study functorial aspects of these 
two objects. 

Let us start from the representation theory of loop groups. Positive energy 
representations are special cases, defined by symmetry of loop groups. 
acts on loop groups via transformation of the parameter. When we make 
act on loop groups, we write as Trot- Let G be a compact connected Lie 
group with torsion-free tti and be a separable complex Hilbert space as a 
representation space. 

Definition 0.1 ([PS]). A positive energy representation is a continuous projec¬ 
tive representation p : LG —>■ PU (7L) satisfying the following conditions. 
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(1) The action of Trot on LG lifts to the associated central extension by J7(l) 

LG^ := LG x-puCH) U{TC). 

Therefore, we can define the new Lie group LG'^ x Trot- 

(2) p lifts to p : LG'^ x Trot —>■ U{'H). 

(3) There are no vectors v on which rotation e*® € Trot acts by multiplication 
by with sufficient small n. 

Remark 0.2. A central extension t is also called level. A representation is at 
level T if the induced central extension LG U('H) is isomorphic to LG'^. 

The direct sum of two representations at level r is also at level r. So finitely 
reducible positive energy representations at level r form a semigroup under the 
direct sum. 

Definition 0.3. The representation group {LG) of LG at level r is the 
Grothendieck completion of this semigroup. 

Our second main object is twisted equivariant if-theory. 

Let G be a compact Lie group, X be a topological space. We suppose 
that G acts on X continuously. Let r be a G-equivariant twisting over X and 
{KfA'^{X)}kez be the r-twisted ib-groups, which are defined in Section 1. 

Let G have torsion-free tti and r be a “positive” central extension of LG, 
which is defined in Section 1. A central extension r defines a G-equivariant twist¬ 
ing over G ([^), where G acts on itself by conjugation. Freed, Hopkins and 
Teleman constructed an isomorphism between {LG) and 
where a is the special central extension of LG called the spin extension. 

Theorem 0.4 f [FHT2| 1. In this situation, we have an isomorphism 

FHTg : R^{LG) -t 

We call it FHT isomorphism. 

However, this isomorphism does not hold naturality. In this paper, we study 
naturality of FHT isomorphisms for tori. 

Let us consider pull backs for two cases. Let / : T' —>■ T be a smooth group 
homomorphism between two tori T and T' . We suppose that the tangent map 
df is injective, we call such a map a local injection. 

For the case of representation group, the pull back of finitely reducible rep¬ 
resentations along / is not finitely reducible when dim(r) ^ dim(T') (Corollary 
15.6L that is, /* : {LT) — '^{LT') cannot be defined by use of the pull 

back of representations. For the case of twisted equivariant AT-theory, the K- 
theoretical pull back must be zero if dim(T) — dim(T') is odd ('Corollary 12. 101) . 

Motivated by these observations, we modify pull backs so that the map 
FHTt holds naturality. That is, we construct “induced homomorphisms” 
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f : R^{LT) - 5 > Rf*^{LT'). 

By use of these induced homomorphisms, we verify the following main theorem. 
Theorem 0.5. The following commutative diagram holds. 

j^T+dim(T) f* ^ 

FHTt I FHT.J., 

R^{LT) - > Rf*^{LT') 

This theorem is verified by use of another objects char{T,T), char{T', f*T) 
and homomorphism char(f), which are defined later. 

In fact, we verify the following two theorems. Vertical arrows are defined 
later. 


Theorem 0.6. The following commutative diagram holds. 

t* 


jpT+di7n{T) f , jpf T+dim{T 


M.d. 


T' 
M.d.. 


char{T,T) - char{T',f*T) 

Theorem 0.7. The following commutative diagram holds. 


R^{LT) 


f 


Rf'^{LT') 


l.W.T 


char{T,T) - char(T',f*T) 


We can extend Theorem 10.61 to f : H ^ G satisfying the decomposable 
condition (Section 2), where H and G can be not tori. 


Theorem 0.8. The following commutative diagram holds. 


M.d.a 


char{G, t) 


char{f) 


K 


f*T-\-rank{H) 


H 


M.d. 


{H) 


char{H, f*T) 


Let us explain the details and the backgrounds. 

Firstly, we explain the details on representation groups. Let us start from 
the representation theory of compact Lie groups (Cartan-Weyl theory). Before 
that, we deal with tori. Representation theory for tori is fundamental. Let T be 
an n dimensional torus. Let us recall an explicit description of representation 
ring of T 


3 










where R{T) is the Grothendieck completion of the semiring which finite dimen¬ 
sional representations of T form. Xj corresponds to the projection onto the 
j’th factor pj : T = (17(1))" 17(1). This isomorphism is verified as follows. 

By Schur’s lemma, any irreducible unitary representations are 1 dimensional. 
So we can identify the set of isomorphism classes of irreducible representations 
with the set of homomorphisms from T to 17(1). We write it as Hom(r, 17(1)). 
We can rewrite it by taking tangent maps. Let IIt := ker(exp : i ^ T) and 
At := Hom(nT,Z). We have a canonical isomorphism Hom(T, 17(1)) = At by 
taking tangent maps. Since At is isomorphic to the Z free module generated by 
Xi,X 2 , • • • ,Xn, the isomorphism i?(T) = Z[Xi,X 2 , ■ ■ ■ , {X 1 X 2 ■ • • Xn)~^] 

holds. If we regard R[T) just as a group, it is isomorphic to the Z free module 
generated by At- So we write it as Z[At] also. 

Let G be a compact, connected, simply connected and simple Lie group, and 
r be a chosen maximal torus. Let us recall a very beautiful correspondence 

{isomorphism classes of irreducible representations} = (dominant weights}. 

Since for any weight A, there exists w € W{G) such that w.X is a dominant 
weight, we have an isomorphism i?(G) = R{T)^^^\ the invariant subring of 
R(T). Moreover, we have an isomorphism as groups 

i?(G) ^ Z[At/VL(G)], 

where the right hand side Z[At/IL(G)] is the Z free module generated by the 
set At/W{G). Let us explain this theorem. An isomorphism class of irre¬ 
ducible representation of G is completely determined by the restriction to T. 
We can define a lexicographic order by taking an isomorphism T = (17(1))". Let 
p : G —^ U{V) be an irreducible representation. We can decompose V as irre¬ 
ducible representation of T. This decomposition determines the W (G)-invariant 
weighted finite subset in At, where W{G) is the Weyl group of G. This finite 
subset is determined by the maximum element (Cartan-Weyl’s highest weight 
theory), which is “dominant”. Moreover, if we are given a dominant weight, we 
can define an irreducible representation whose highest weight is the given one 
(Borel-Weil theory). 

An analogue of Cartan-Weyl theory for loop groups is studied in [PSj . Let 
us state a difficulty when we try to follow the above construction of compact 
Lie group case. Let T be a torus and LT be the set of smooth maps from 

to T, which is the loop group of T. The group structure of LT is defined 
by the multiplication of T pointwisely. However, the above mechanism for 
compact Lie group does not hold in this case, since the size of maximal connected 
commutative group LTq is too large, where LTq is the identity component of 
LT. Precisely, it is too difficult to deal with all representations. In fact, it has 
not been known to classify all representations of LT. In this paper, we focus on 
positive energy representations. 

Positive energy representations at level t has been classihed f |PS| L In order 
to describe it for tori, we need to introduce some terminologies. 

Let r be a positive central extension of LT. We can restrict it to the set of 
constant loops, which is naturaly identified with T. 
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Ay := {p ■. T'^ ^ U{l)\p o i = id} is the set of r-twisted irreducible repre¬ 
sentations of A central extension r defines an action of IIt on Ay (Section 

1 ). 

Theorem 0.9 f [PS) l. Isomorphism classes of positive energy representations 
at level t are parametrized hy the set of Ht- orbits in Ay. That is, we have an 
isomorphism 

l.w.T : K^iLT) ^ Z[KTr/T\T], 

where 1[hlp/I1 t\ is the 1 free module generated by the set Ay/flT- 

The notation l.w. comes from the “lowest weight”. It is known that we can 
take a maximal torus of LT"” xi T^ot as T"” x T^ot if t is positive. By formal 
computation in LT'^ xi Trot, Weyl group of LT'^ x Trot is isomorphic to Ht- 
Therefore, we can regard the above theorem as an analogue of the isomorphism 
R{G) ^ ^ Z[At/IP(G)]. 

Secondly, we explain the details on twisted equivariant iP-theory. 

Twisted AT-theory was introduced by Donovan and Karoubi in order to ex¬ 
tend Thom isomorphism for non A'-orientable vector bundle [Karoiibl] . Later, 
it was extended by Rosenberg [ASj . It has an equivariant version just like un¬ 
twisted cases. 

Let us start from untwisted equivariant AT-theory. Equivariant A'-theory 
is concerned with representation theory ( |Segal| ). Throughout this paper, we 
deal with compactly supported A'-theory. Let A" be a topological space and G 
be a Lie group acting on X. If is a compact Hausdorff space, isomorphism 
classes of G-equivariant vector bundles form a semigroup under the direct sum, 
and equivariant AT-group Kg{X) is defined by the Grothendieck completion 
of this semigroup. Generally, Kg{X) is the set of G-equivariant homotopy 
classes of G-equivariant family of Fredholm operators parametrized by X. When 
an action of G is special, we can describe Kg{X) easily. When it is trivial, 
Kg{X) = K{X) ® R[G), and when it is free, Kg{X) = K{X/G). 

Our second main object is twisted version of it. We start from non-equivariant 
twisted AT-theory. A twisting over X is an element of the group H^{X). 
It classifies PU{'H) principal bundles over X, where R is an infinite dimen¬ 
sional separable complex Hilbert space, since the functor has the classi¬ 
fying space A'(Z, 3), and the homotopy equivalences PU{TL) = A'(Z, 2) and 
BPU{TL) = Ar(Z, 3) hold, where and Ar(Z, 2) are Eilenberg MacLane 

spaces. Therefore, if r G H^{X) is given, we have an associated PU['H) princi¬ 
pal bundle Q. And it determines a T'{%) bundle P := Q x pu(h) We call 

such P a projective bundle, that is, it is a P(H) bundle whose structure group 
is PU{n). 
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Then we have a classifying bundle Fred{P) of twisted /f-group 
where Fred{P)\x is the set of Fredholm operators on 'H.x^ a chosen lift of the 
fiber P\x. Twisted itl-theory is defined as follows. 

Definition 0.10. The space of sections is defined by 


Tc{X,Fred{P)) := {s : X — Fred{P)\supp{s) is compact}, 

where supp(s) := {x € X\sx is not invertible} is the support of s. 

Twisted K-theory is defined by 

K-+0(X) := 7ro(r,(X,Fred(P))) 

K'^+'^iX) = K^-^{X) ■= KP^'^+°{X X 

where p : X x X is the projection onto the first factor. 

Remark 0.11. Twisted K-theory is a two periodic generalized cohomology the¬ 
ory (JaSD- 

Equivariant version of twisted P-theory is defined just like untwisted cases. 
Let G be a compact Lie group acting on a topological space X continuously. 
If we replace “projective bundle” with “G-equivariant projective bundle”, “sec¬ 
tions” with “G-equivariant sections” and “homotopy” with “G-equivariant ho- 
motopy”, we obtain the twisted equivariant iL-theory KfA^{X), where r G 
Hq{X) is a G-equivariant twisting. Since this is a generalized cohomology the¬ 
ory for G-spaces, we have some tools to compute. In fact, Freed, Hopkins and 
Teleman computed KfA^{G) using spectral sequences or a “Mackey decompo¬ 
sition” f [FHTl| . |FHT3] 1 for r which is induced by a positive central extension 
of LG, where G acts on itself by conjugation. For simplicity, we deal with tori 
here. While this action of T on itself is trivial, an action on a projective bundle 
can be non-trivial. 

Theorem 0.12 ( |FHT1| . |FHT3) 1. The following isomorphism holds. 


p:”+'=(t) 


0 (fc = dim(T) -\- 1 mod 2) 

ZjAy/HT’] {k = dim(T) mod 2). 


The action of Ht^ on KTp coincides with the one defined by the central extension 
T. ZjA^/n-r] is the Z free module generated by the set AJ./Ht. 

We write the isomorphism of the above theorem as 

M.d.T : Z[AJ./nT]. 


This notation comes from a “Mackey decomposition”. 

Combining Theorem 10.91 with 10.121 we know that R'^{LT) is isomorphic to 
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Freed, Hopkins and Teleman constructed an isomorphism 
FHTt : R^{LT) 
by use of the “Dirac family”. 

To explain it, let us explain “local equivalence” of “groupoids”. We start 
from a classical isomorphism for un-twisted equivariant iF-theory. Let G act on 
X, N he a normal subgroup of G, and N act on X freely. Then we have an 
isomorphism Kc{X) = Kq/^{X/N) ( |Segal| Proposition 2.1). In [FHTlj . they 
dealt with such a phenomenon more generally. They defined twisted iF-theory 
for groupoids. A groupoid is a generalization of a space equipped with an ac¬ 
tion of a Lie group. S//G is a groupoid defined by S which G acts on. For 
example, K{S//G) = Ka{S). They verified that twisted iF-theory is a local 
equivalence invariant. Local equivalence is an equivalence relation between two 
groupoids. In fact, if two groupoids 5'i//Gi and Sij jGi are locally equivalent, 
two orbit spaces 5'i/Gi and S 2 IG 2 are homeomorphic. For example, XjjG 
and (XjX') j j {GIN') are locally equivalent in the above situation. By this con¬ 
struction, infinite dimensional spaces or Lie groups can be analyzed in some 
cases. 

In fact, they constructed a local equivalence hoi : As^xt/ /LT — 5 > TjjT, 
the holonomy map, where As^xt is the set of connections over the trivial 
bundle x T. Let us recall that LT acts on As^xt by the gauge trans¬ 
formation. Passing through this local equivalence, elements of can 

be obtained from LT-equivariant families of Fredholm operators parametrized 
by As^xt- If we have an irreducible positive energy representation of LT, we 
obtain a “Dirac family” which is a family of Fredholm operators parametrized 
by Asi xt([EHT 2]). Since positive energy representations are projective, we 
need to twist equivaritant AT-theory. By extending linearly, we obtain a group 
homomorphism 

FHTt ■■ R^{LT) ->■ 

In |FHT2j . they verified that FHTt is an isomorphism by use of an explicit 
description of the both sides. Theorem 10.91 and Theorem 10.121 

Let us compare the common right hand side ZjA^/HT] of Theorem l0.9M0.12] 
with R(T) = Z[At], where we can see algebraic similarity between them. So we 
can define an analogue of the induced homomorphism of representation ring of 
tori. 

Firstly, we rewrite induced homomorphisms of representation ring of tori. 
Let T and T' be tori and / : T' —>■ T be a group homomorphism. Ay and Kt' 
are the character groups of T and T' respectively. Representation rings of T 
and T' are isomorphic to the group rings of At’ and A^/ respectively. That is, 
R{T) = ZjAr] and R{T') = ZjAy/]. /* : R{T') — R{T) is defined by the pull 
back of representations. When we regard At as Hom(n 7 ’, Z), /*(A) corresponds 
to *df{X) (A € At')- That is, if we have a representation p : T ^ U{n), we can 
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decompose it as Ai for some Xi G A-r, and its image under /* is given by 

n n n 

rip) = r (0 r) = ^ nr) = E 

i—l i—1 

In other words, if we regard R{T) as ordinary AT-group K{At), f* corresponds 
to Cdf)\, the push-forward, where At has the discrete topology. 

Let us dehne the induced homomorphism char{f) : Z[A5’/nT] ^ Z[Ay//n 7 ’']. 

Definition 0.13. When f*T is also positive, we define c/iar(/)([A]T) by 

k 

char{f){[X]T) ■=Y^[Pi]T', 

i=l 

where *df{IlT-X) = -Pi, [A]t the Ylr-orbit including A G A^ and 

[p\t' is the Ht'- orbit including p G A^/. 

Remark 0.14. Well-definodness is verified in Section 3. 

If we introduce notations char{T,T) := Z[A5-/n7’] and char{T', f*T) := 
Z[Ay,^/n 7 ’/], char{f) is a homomorphism from char{T,T) to char{T', f*T). 
The correspondence char seems to be a functor. However, it is not true. 
That is, there exist homomorphisms T ^ T' -T T" such that char{g o /) ^ 
char{f) o char(g). We call such a correspondence between two categories a 
“quasi functor”. 

Definition 0.15. Let Ci and C 2 be categories. F : Ci ^ C 2 is a quasi functor 
if the following data are given. 

(1) For any O G Obj{Ci), F{0) G Obj(C 2 ). 

(2) For any f G Morci (Oi, O2), ^(/) € Morc^^Fn), F{Oi)) satisfying 
F(id) = id. 

That is, a quasi functor is a “functor” which is allowed F{fi o / 2 ) ^ F[f 2 ) o 

Fifi). 

However, the quasi functor char holds functoriality we need. We verify the 
following theorem fTheorem l3.10p . 

Theorem 0.16. For any local injection f : T' ^ T and positive central exten¬ 
sion T of LT, we can define the “orthogonal completion torus” (T'/ker(/))-’- C 
T satisfying the following condition. Let j : (T'/ker(/))"’~ ^ T be the natural 
inclusion, f ■ j : T'/ker(/) x (T'/ker(/))-*- T is defined by f ■ j(ti,t 2 ) = 
f{tl)jit2). 

(1) f ■ j : T'/ker(/) x (T'/ker(/))-*- T is a finite covering. 

(2) (/ ■ j)*T can be written as p\ti P 2 T 2 , where ti, T2 are positive central 
extensions of L{T'/'keT{f)) and L{T'/'kei{f)r respectively. 

Moreover, we can decompose f as follows. 

r r T7ker(/) T7ker(/) x (T7ker(/))^ A T, 
where ii is the natural inclusion into the first factor. 
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“Functoriality we need” is that char(f) = char{q) o char(ii) o char{f ■ j) 
(Theorem 13.121) . From this theorem, it is sufficient to deal with only cases of 
direct products or finite coverings. 

This paper consists of 5 sections. 

In Section 1, we describe known results and definitions about twisted equiv- 
ariant if-theory and positive energy representation of loop groups. 

In Section 2, we define some categories and quasi functors and rewrite FHT 
isomorphism in our terminology. Then we verify our main theorem under the 
assumption that Theorem 10.61 and 10.71 hold. 

In Section 3, we study the quasi functor char. We define the induced homo¬ 
morphism char(f), which is an analogue of pull back of representations of tori. 
The quasi functor char is the most useful for computation. We deal with not 
only tori but also compact connected Lie groups with torsion-free tti. 

In Section 4, we study the quasi functor t.e.K, a modification of twisted 
equivariant if-theory. We define so that it holds naturality with char{f). 
We deal with not only tori but also compact connected Lie groups with torsion- 
free TTl. 

In Section 5, we study the quasi functor RL, a modification of positive energy 
representation group of loop groups. We define /' so that it holds naturality 
with char{f). 
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1 General definitions and known results 

1.1 Loop groups and their positive energy representations 

Representation group of LT at level r is one of our main objects, where T is 
a torus. In this section, we deal with not only tori but also general Lie group 
with torsion-free tti. Firstly, we explain central extensions of loop groups. 

1.1.1 Definitions and some formulae about central extension 

Let G be a compact connected Lie group with torsion-free tti. Let LG be the 
group of smooth maps from to G, loop group of G. Its topology is defined 
so that In converges to I if and only if all derivatives converges to ^ 
uniformly. This is one of the simplest infinite dimensional Frechet Lie groups. 
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acts on LG via transformation of parameter, that is, {9qI){ 9) := l{9 — 9o) 
{I G LG). When we make act on loop groups, we write as Trot- So we 
can define the new Lie group LG x Trot- 

The Lie algebra of LG is the loop algebra Lg := G°°{S^,g). Its addition, 
scaler multiplication and Lie bracket are induced by ones of g. We write the 
Lie algebra of LG x Trot as Lg © iIRrot- If d is an infinitesimal generator of the 
action of Trot, [d, /3] = ^ for /3 G Lg. 

We need the following definition in order to define positeve energy representa¬ 
tions of loop groups, because positive energy representations must be projective 
unless it is trivial. 

Definition 1.1 ( |FHT2) ). A central extension 

1 ^ U{1) 4 LG^ 4 LG ^ 1 

is admissible if 

(1) The action of Trot lifts to LG'^. Therefore, we can define the new Lie 
group LG'^ x Trot- 

(2) LG'^ X Trot acts on Lg'^ © iK-rot via adjoint action. There exists an 

LG'^ X Trot-invariant symmetric bilinear form on Lg^ © such 

that K,d ^T= —1, where K is the infinitesimal generator of i{U{l)). If the 
restriction of to Lg is positive definite, r is called a positive central 

extension. 

Remark 1.2. Bilinear form determines a splitting Lg Lg"^© 

So we can “restrict” ^ to Lg (JFHT^ Lemma 2.18). 

Definition 1.3. Let f : H ^ G be a smooth group homomorphism, then the 
homomorphism Lf : LH —> LG is defined by I i—^ f o 1. We can pull back 
the central extension t of LG along Lf and we write it as f*T. That is, the 
following commutative diagram holds. 


U{1) 

1 /( 1 ) 


■LG^ 


LG 


Lf 

■LHf’'^ 


Lf 


LH 


Lemma 1.4. If t is admissible, so is f*T. 

Proof. Let us notice that Lf can be extended to LH^ X Trot by L/|t,„, := 
'IdTrot- We use the same character for this extension. 

(1) is clear from the definition. 

(2) is verified by defining the bilinear form on Lg'^©iRrot explicitly as follows. 
dLf is the tangent map of Lf. 

<C dLf {v), dLf {w) - 

Since L/|[/(i) is the identity, dLf{K) = K. Moreover, dLf{d) = d hy the 
definition. Therefore, the above condition is satisfied. □ 
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Definition 1.5. Let ti and T 2 he admissible central extensions of LG. Then 
we can define the tensor product between them by 

LQri+r2 ^QTi (^lQr2 ^ ^QTi ^ LG^2 j 

Lemma 1.6 f [FHT2j Section 2.2). Ifri andT 2 are admissible central extensions 
of LG, so is Ti + T 2 . Invariant bilinear form can be defined by 

Remark 1.7. Lie algebra Lq^ © iRrot for simple g and the “universal central 
extension” r can be thought as a “completion” of the affine algebra g. From this 
view point, bilinear form <C can be thought as a lift of Killing form of q 

to g. 

When G is a torus T, admissibility implies the following lemma. However, 
we need some terminologies about tori or their representations. 

Ht := ker(exp : t ^ T) = = Hi{T) is a lattice in t. 

At := Hom(n 7 ’,Z) = Hom(T, 17(1)) = H^{T) is the character group. We 
can regard it as the set of irreducible representations of T from Schur’s lemma 
(any irreducible representation of commutative group is 1 dimensional). 

Lemma 1.8 f |FHT2) Proposition 2.27). LT has a canonical decomposition 
LT = T X Hr X U, where T is the set of initial values of loops, Hy is the set of 
“rotation numbers”(naturally isomorphic to 7ri(T) = ttqILT)) and 

[ I3{s)ds = 0 

SI 

is the set of derivatives of contractible loops whose initial values are 0. 

Let T be an admissible central extension of LT, then the above decomposition 
is inherited partially, that is LT'^ = (T x H)"^ © . 

This lemma allows us to define k” and describe some formulae, k'” is the 
tangent map of n” defined below. 

Definition 1.9 1 [FHT2| Proposition 2.27). A homomorphism k” : Hy —>■ 
Hom(T, 17(1)) is defined by 

K^(X)(t) := fixt(l>f}t~^ e *(C^(1)), 

where t is a chosen lift oft€T, and fix is a chosen lift of fix G LT which is a 
geodesic loop corresponding to X & Ht = 7’‘i(T) whose initial value is 0. This 
definition is independent of the choices of lifts because they are determined up 
to i{U(1)) which is in the center of LT'^. 

This definition means that k” represents how non-commutativity is caused 
by the central extension. 


U := exp-|/3 : 
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Lemma 1.10 { [FHT2] Proposition 2.27). determines a symmetric bilinear 
form <n,m >t= on Hr forn,m £ Ht- 

Moreover, when we extend < ■,■ >r to t, < v,w >t=^ v,w 3>t- 

Proposition 1.11. If a central extension r of LT is positive, so is < ■,■ >r- 
We can verify the following formulae. 

Let f : T' ^ T he a, local injection, that is, the tangent map df is injective. 
Then we have the associated homomorphism Lf : LT' -£■ LT and Lf : LT'^ '' —>■ 
LT''. 

Lemma 1.12. 

'' = 'df o k' o df 

Proof Let X e Ht', t S T'. Take lifts ^ £ LT'^'' andfe £ LT' 

and t. Let us notice that lifts of ffdfix) and /(<) can be chosen by Lf{(j)x) and 
Lf(t) respectively. By the definition, L/|i(( 7 (i)) is the identity. Therefore, we 
can compute KP''x{t) using k' as follows. 

Kf*'x{t) = Lf{Kf‘^x{t)) 

= rf{^xWx~'t-^) = L/(^)L/(?)L7(^”')L7(ri) 

= 4>df{X)fit)4>df(X) fit) = K'df{X)ifit)) 

By taking the tangent map, we obtain the conclusion. 

□ 


From this lemma, we can verify the following one. 

Let Ti and T2 be tori, T := Ti x T2, ij : Tj ^ T be the natural inclusion 
into the j’th factor, pj : T ^ Tj be the projection onto the j’th factor and Xj 
be an admissible central extension of LTj (j = 1,2). Then t = pjri + P2T2 is 
an admissible central extension of LT. 

In this case we have canonical isomorphisms LT = LTi x LT 2 and LT'' = 
LTf' xLTif^/Uil). Therefore, for any li,l'i £ LTf', I 2 , G ( 8 )^ 2 dj( 8)^2 = 

hl'^ (8 l 2 l 2 - Moreover, LT^ = 8 8 (Ti x 8 iT 2 x 

Lemma 1.13. iT : IVtixT 2 ts the composition of 


dpi($dp2 „ 
i^TixTa - 


> Bt, 




A 


Ti 


)A. 


T2 




> A- 


Ti X T2 • 


Formally 



We often use these formulae in this paper. 
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1.1.2 Positive energy representation 

We can define positive energy representations, which is one of the main objects 
in this paper. 

Let U{1) ^ LG'^ A LG be an admissible central extension. 

Definition 1.14 ( [P^|FHT2] L A continuous homomorphism p : LG'^ —>■ U(y)c.o. 
is called a positive energy representation at level r if 

(1) p o i(e^'^'^^) = e^'^''^^idv (the definition of T-twisted representations). 

(2) p lifts to a continuous homomorphism p : LG'^ xi Trot —t U{VU.. 

(3) E := --^=p[d) which is called an energy operator is self-adjoint with 
discrete spectrum hounded below. 

V is a separable complex Hilbert space as a representation space, U{V)c.o. is 
topologized by the compact open topology (or the strong topology) and d is the 
infinitesimal generator of Trot ■ 

A positive energy representation is said to be finitely reducible if it is a finite 
sum of irreducible representations. 

Isomorphism classes of finitely reducible positive energy representations at 
level T form an abelian semigroup under the direct sum. 

Definition 1.15. {LG) is the Grothendieck completion of this semigroup. In 
other words, {LG) is the Z free module generated by the set of isomorphism 
classes of irreducible positive energy representations. We call it a representation 
group of LG at level t. 

Remark 1.16. In fact, it has a ring structure and it is called the “Verlinde 
ring”. The product is given by the fusion product of conformal field theory. 
However, we do not deal with the product in this paper. 

Positive energy representations at level r have been classified l [PSj L 
Let G be a connected compact Lie group with torsion-free tti and t be a 
positive central extension of LG. We fix a maximal torus T of G. 

We need to introduce some terminologies to describe the following theorems. 
We can define central extensions G'^ and T"” by the restrictions of LG"” to G 
and T. That is, the commutative following diagram holds. 

1 -^ {7(1) ' > T -^ 1 

1-s- {7(1) ' > G^ —G-^ 1 

1-s- {7(1) LG^ LG -^ 1 

We can verify that T'” is a maximal torus of G'”. 

So we can define a t- twisted representation of T’’. A r-twisted representation 
is a homomorphism p : T'^ ^ U{V) such that poi{e''^^) = e'^^^idy, where V 
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is a representation space. KTp is the set of irreducible r-twisted representations. 
It can be thought as the set of A : Ht^ —)• Z such that the composition of 

di X 

Z = 11(7(1) —s- IIt^ —> Z is identity. We can define an action of on Ay by 
the tensor product of the representations. We write it A +A' (A e At, A' € Ay). 
The tensor product of the representations is defined by 

ix + x'm = x{p{t))-x'{t), 

where t gT'^. Since poi[z) = 1, A + A' is also a r-twisted representation. 

The Weyl group of G and G'^ are naturally isomorphic. We write them 
W{G). Since W{G) acts on IIt, we can define the semi direct product 

Wlff{G) := Ht XI W{G), 

we call it the extended affine Weyl group. It is the Weyl group of LG'^, whose 
maximal torus is T'^. Since W{G) acts on IIt^, W{G) acts on Ay. And Il-r 
acts on Ay through the homomorphism hG and At Ay. Therefore, (G) 
acts on Ay. We write the orbit space Alj./ (G)). 

Z[(Ay (G)))reg] is the free Z module generated by the set of (G)- 

regular orbits AJp/tG{Wlff{G)). A regular orbit is an orbit whose stabilizer is 
trivial. 

Let a be the spin extension of LG defined in |FHT2) . It is defined by the 
irreducible Clifford module of Lq* and the coadjoint action of LG on Lq*. Let 
us suppose that r — cr is positive. 

Lemma 1.17 { [Adams) 1 ■ The map 

p-shift : ATf^/n^-%Wlff{G)) ^ (A^/«"(W:^(G)))„9 

defined by [A] [A -b p] is bijective, where p is the half of the sum of the positive 

roots of G. 

Remark 1.18. When G is a torus T, W^jj(T) = Hr and p = 0. Since any 
orbit is regular, the above lemma is trivial. 

Theorem 1.19 f |FHT2j '). Isomorphism classes of positive energy (T—a)-twisted 
representations of LG'^~’^ are parametrized by the W^ff{G)-orbits in Ay“'^ by 
taking the lowest weight. From Lemma \l. 17\ we have the following isomorphisms 

rt-^lG) nATf^/WlffiG)] Z[{A-T/W!ffiG)U]. 

L.W.g is defined as follows. IfV is an irreducible positive energy representation 
of LG at level t — a, L.W.oiV) is the lowest weight ofV. 

Definition 1.20. 

l.w.G ■= P — shift o L.W.g 

Since Wlg{G) — IIt xi W{G) is the Weyl group of LG or LG'^~'^, this 
theorem is an analogue of the Cartan Weyl’s highest weight theory for compact 
Lie groups. 
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1.2 Twisted equivariant iT-theory 

1.2.1 The definitions and the classification of twistings 

Let X be a manifold, P be a projective bundle. We can define twisted X-theory 
associated with it following |AS) . We do not deal with non-trivial gradings, that 
is, projective bundle P has two disjoint sub projective bundles Pi and P 2 such 
that %\x = T-Li\x® T-L2 \x, where T-Lj\x is a chosen lift of Pj\x (j = 1, 2, x e X). 
This assumption is automatically satisfied for the space whose first cohomology 
group with Z 2 coefficient is zero. An isomorphism class of projective bundles 
is called a twisting. We define the classifying bundle FreS-'^^ (P) for twisted 
AT-theory. Firstly, we define the space of Fredholm operators of a projective 
space. 

Definition 1.21. is the space of odd skew-adjoint Fredholm op¬ 

erators A : Ji ^ T-L, for which -\-l is a compact operator. It is topologized so 
that A i—7> (A, + 1) G B{T~i)c.o. x K{T-i)norm is continuous. 

Remark 1.22. (1) If we take an another lift /C of¥(fH.), we can take the unique 
isomorphism (f ^ K- up to U(1) action, (j) makes the following diagram 
commute. 



Pin) 


So if A : n n is a linear map, (j)o Ao <f>~^ : 1C ^ 1C is independent of the 
choice of 4>, so the above is well-defined. 

(2) For the same reason we can take tensor products Pi®P 2 , P®L and so 
on, where C is a Hilbert bundle (can be finite rank). That is, Pi'^P 2 \x ■= 
¥{ni\xC)n 2 \x) and P®C\x '.= ¥{n\x®P-\x), where n\x, RiU andn 2 \x cho¬ 
sen lifts of P , Pi and P 2 respectively. P(F) is the projectification of the vector 
space V. 

Let us define twisted AT-theory. Let X be a manifold, X' be a closed subset 
of X. 

Definition 1.23. Let P be a projective bundle. The classifying bundle is defined 
by 

Fred^°\P) := |J Fred^^\Px ® l^). 

x^X 

We write the space of sections as 

r,{X,X',Fred^°HP)) 

:= {s : X —>■ Fred^^\P)\continuous section with compact support and supp{s)nX' = 0}, 
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where supp{s) := {x G X\sx is not invertible} = {a; G X\ker{sx) ^ 0} is called 
the support of s. We define twisted K-theory as a generalized cohomology theory. 

K^p{X,X') := 7ro(re(X,X',Fred('’)(P))). 


For n ^ 0, 


mx,x') 


K°{X X [0,1]-", X X a[0,1]-" U X' X [0,1]-") n < 0 
Xp”(X,X') n>0 


Remark 1.24. The functor Kp has the classifying bundle whose fiber is the 
space of Fredholm operators satisfying some conditions of a projective space 
(]FF[T1} ]. Therefore, we regard an element of Kp(X) as a homotopy class of a 
family of Fredholm operators. 

Let X and Y be smooth manifolds, X' and Y' be closed subset of X and Y 
respectively, F : Y —>• X be a smooth proper map such that F{X') C Y', and 
P be a projective bundle over X. 

Definition 1.25. 

F* : K^p{X,X') K’f.p{Y,Y') 

is defined by P*([s]) := [soP], where [•] means a homotopy class of sections. 

Theorem 1.26 ( [AS] ). Twisted K-theory is a two periodic generalized coho¬ 
mology theory and. That is, Kp(X) = Kp'^'^(X) (Bott periodicity). 

Twistings are classified in m 

Proposition 1.27 ([XS] Proposition 2.1, 2.2). (1) Isomorphism classes of twist¬ 
ings are classified by P^(X, Z) by taking Dixmier-Douady class. 

(2) The group of connected components of the group of automorphisms of P 
is isomorphic to iJ^(X, Z) which classifies isomorphism classes of complex line 
bundles. 

(3) For I G P^(X,Z), the action of I on Kp{X) is given by the tensor 
product with L, where L is a complex line bundle whose first Chern class is I 
and we regard it as an element of K{X). 

Remark 1.28. Since PU{'H) is an Eilenberg MacLane space X(Z, 2), the clas¬ 
sifying space of it is homotopic to It is the classifying space of the 

functor . Therefore, (1) holds. Let a : P ^ P be an isomorphism, then 
a : Px ^ Px has a lift of : TLx —t T~Lx up to P(l). Therefore, a determines a 
U{1) principal bundle. Therefore, (2) holds. (3) tells us that iJ^(X, Z) acts on 
Kp{X) non-trivially. 

Example 1.29. Let X be a compact manifold. Let p : E ^ X be an oriented 
real vector bundle whose rank is k over X. Let us take a local trivialization 
{E\uc. = Pfj xR^}q. Since any oriented vector space V has the unigue irreducible 
Clifford module Ay f}Furutaf }. we can define a “local Spinor bundle”. That is, 
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S\Uc, ■ = Ua X Agfc. From Schur’s lemma, we can take a transition function 
4>ap UafMJp ^ GL(ARfc) up to C*. Therefore, the family {P(*S'|f 7 c)}a defines 
a projective bundle whose fiber is P(A]jfc). Dixmier-Douady class of this bundle 
is the image ofw 2 {E) under the Bockstein operator /3 : H‘^{X,'L 2 ) H^{X,'Z). 

This is the obstruction for existence of a Spin'^ structure. j3{w2{E))-twisted K- 
theory is studied in IKaroubif and IFurutal^ . (X) is written by K^{X) 

in ^Karoubif . K{X, Cl{E)) in JFurutaf . Thom isomorphism states that a natural 
homomorphism K(X) —>■ ^))(^E) is isomorphic. 

Twisted it'-theory has an equivariant version just like ordinary case. Let G 
be a compact Lie group and act on X smoothly. We explain only the changes or 
additional points from the non-equivariant cases. Let X' be a closed G-invariant 
subset. 

Definition 1.30. Let P be a G-equivariant projective bundle. An isomorphism 
class of G-equivariant projective bundles is called a G-equivariant twisting. Then 
the classifying bundle of twisted equivariant K-theory is defined by 

FredPiP) := [J Fred^°\P,, ® L^{G) ® P). 

x£X 

Since G acts on Lf{G) via the left regular representation and on P trivially, we 
can define the space of G-equivariant sections. 

T,^G{X,X',Fred''°\P)) 

:= {s : A ^ FredQ\p)\continuous, equivariant, compactly supported and supp{s)r\X' = 0}. 

We define twisted equivariant K-theory as a generalized cohomology theory 
for G-spaces. 

K% p{X, X') := ^o(rc.G(^, Fred!'°\P))) 

Kqp{X,X') is defined just like the non-equivariant cases for n 0. “Com¬ 
pactly supported” means that the quotient space supp{s)/G is compact. 

Bott periodicity remains valid. 

Remark 1.31. Any finite dimensional representation space of G can be embed¬ 
ded into L'^(G) ® P from Peter-Weyl theorem. 

Let A be a smooth manifold and G act on A smoothly. Let f : FI ^ G he 
a smooth group homomorphism. Let P be a G-equivariant projective bundle 
over A, which is also 7L-equivariant through /. When we regard P as an FI- 
equivariant one, we write it f^P. 

Definition 1.32. 

: K^,piX) ^ K^Hj,p{X) 

is defined by regarding G-equivariant class [s] as an FI-equivariant one through 

/■ 
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Classification of G-equivariant twistings has been known. 

Proposition 1.33 i [AS) Proposition 6.3). (1) Isomorphism classes of twistings 
are classified by by taking Dixmier-Douady class. 

(2) The group of connected components of the group of automorphisms of P 
is isomorphic to Hq{X,7j) which classifies isomorphism classes of G-equivariant 
complex line bundles. 

(3) For I G Hq{X,'Z), the action of I on Kq p{X) is given by the tensor 
product with L, where L is a complex line bundle whose first equivariant Chern 
class is I and we regard L as an element of Kg{X). 

Just like non-equivariant cases, Hq{X) acts on Kq p{X) non-trivially. 
G-equivariant twisting over G we deal with in this paper can be obtained by 
the following lemma, where G acts on itself by conjugation. 

From now on, we write Kq p{X) as Kf^^{X), where r is Dixmier-Douady 
class of a projective bundle P. 

Lemma 1.34 f [AS] l. If a central extension LG'^ has a r-twisted representation, 
T gives a G-equivariant twisting over G. 

Proof. Firstly, we explain the relationship between projective representations of 
LG and central extensions of LG. 

Let us assume that LG has a projective representation p : LG —>■ PU{V). 
From the central extension U{1) —>• U{V) —>■ PU{V), we can define a central 
extension LG'^ = LG y.pu{v) U(V) and a unitary representation p : LG'^ —>■ 
U{V) such that po i{e'''^^) = e'^^idy as follows. 

17(1)-^ U{V) -^ PU{V) 


p 

P 

/1 \ ^ T / 

P . T 


17(1) LG^ — LG 


In this situation, (p, V) is called a r-twisted representation. 

If a central extension 17(1) A- LG'^ A LG is given, a representation 

p: LG^ ^ 17(D) 

is also called a r-twisted representation if poi[e^^^) = e^^^idy- In this case, 
we can define a projective representation p : LG — PU{V). 

Two definitions coincide. 

Let p : LG'^ —>■ 17(D) be a r-twisted representation. Then LG acts on 
¥{¥ ^l"^ ® L‘^{G)). 

We have a G-equivariant LG principal bundle LG —>• PG —>■ G, where G 
acts on PG by left multiplication, and on itself by conjugation. PG is the path 
space of G defined by 

PG := {p : R —>• G\p{9 + 2tt)p{9)~^ G G is independent of 9}. 
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Then we can define a G-equivariant projective bundle 

PGxlg P(^®/^®L^(G)). 


□ 

Lastly, let us study the push-forward maps. When ^ is a compact manifold 
and X is a manifold, any smooth map F : Y ^ X can be written as a com¬ 
position of closed embedding i : Y ^ X x and the trivial fibration 
p : X X X for sufficient large N. Let r be a twisting over X. Since 

we do not deal with non-trivial gradings, we assume that the normal bundle of 
i{Y) in X X is orientable. Push-forward map 

. j^F*T+W3{F)+k+dimX-dimY X ) 

is defined by “zero extension” and 

p, : X -Y K^+’^iX) 

is defined by “family index theorem”, where W 3 {F) is the image of W 2 {X) — 
F*{w 2 {Y)) G Z 2 ) under the Bockstein homomorphism /3 : Z 2 ) —>■ 

H^{X,Z). 

Definition 1.35. 

F\ := p\ o b 

F\ is independent of choices of i and N. One can find more information in 

fCW] . 

Remark 1.36. We can generalize for non-compact Y because we deal with 
compactly supported K-theory. 

Push-forward map has functoriality. Let X, Y and Z be manifolds, r be 

a twisting over Z, and X ^ Y Z he smooth maps satisfying the above 
assumption. 

Lemma 1.37 ('[CW]!. 

g\o f\ = {go f )< 

Let p :Y X be a fiber bundle whose fiber is discrete and P be a projective 
bundle over X. Then, we can describe p\ : K!f,p{Y) -G Kp{X) as follows. 

Lemma 1.38. If s is a section ofp*Fred{P), the homotopy class [s] determines 
an element of '^{Y). Then, we have an explicit formula 

P!(W) = [{ 0 SyW], 

yep-'^(x) 

where we use an isomorphism 0(P 0 P) = P 0 (0p) = P 0 P and Kuiper’s 
theorem. 
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1.2.2 Computation of K'^^{G) 

Freed, Hopkins and Teleman computed K'^^{G) by use of spectral sequences 
or a Mackey decomposition in [FHTl] or |FHT3) . 

Theorem 1.39 f [FHTl) |FHT3) 1. Let T be a G-equivariant twisting over G 
coming from a positive central extension of LG. Then the following isomorphism 
holds. 




0 {k = rank{G) + 1 mod 2) 

Z[{AyK^{W^ff{G)))reg] {k = rank{G) mod 2) 


2 Three contravariant quasi functors and FHT 
isomorphisms 

As a preliminary, we introduce some categories and quasi functors. Then we 
rewrite FHT isomorphisms using our terminologies and verify Theorem 10.51 un¬ 
der the assumption that Theorem 10.61 and 10.71 hold. 

Firstly, we define “quasi functors”. 

Definition 2.1. Let Ci, Ci he categories. F : Ci ^ C 2 is a contravariant quasi 
functor if the following data are given. 

(1) For any O G Obj{Ci), F{0) £ Obj{C 2 ). 

(2) For any f G Morci (Oi, O 2 ), F{f ) G Morc^{F{02),F{Oi)) satisfying 
that F{id) = id. 

That is, a quasi functor is a “functor” which allows that F{fiof 2 ) 7 ^ F{f 2 )o 

F{fi). 

The classical category of Lie groups is too large to construct all quasi functors 
at the same time. For example, when G = SO{3), t.e.K{G,T) defined below 
does not sometimes have all information of G-equivaritant twisted AT-theory of 
G f |FHT4] L 


2.1 Categories 

Definition 2.2. An object of and T — is a pair of a compact 

connected Lie group G with torsion-free tti and a positive central extension r of 
LG. T determines a G-equivariant twisting over G, for which we use the same 
character (Lemma \l.S4\) . 

f : {H,t') — >■ {G,t) is a morphism in Cq®"®** if G = H, t' = t and f = id. 
That is, is a discrete category. 

f : [H, t') —)• (G, r) is a morphism in T — if it is a morphism in Cg™®®** 

or H and G are tori, t' = f*T, and f has the injective tangent map. 

We introduce the following definition to extend Theorem 10.61 to f : H ^ G 
satisfying the decomposable condition described below. 
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Let (G, r) be an object of Co""*®* and iJ be a compact connected Lie group 
with torsion-free tti. Take maximal tori S and T of H and G respectively. We 
can assume f{S) C T. That is, the following diagram commutes. 

H —^ G 

k] 

S —^ T 

Definition 2.3. Let f : H ^ G be a smooth group homomorphism. The 
decomposable condition means the followings. 

(1) f*T is also positive. 

(2) 7L/ker(/) has torsion-free tti. 

(3) [d/(f)),S'*‘] = 0, where is the orthogonal complement of df^s) in g 
under the bilinear form < •, • >r defined in Lemma \l.l(A We call this condition 
the “local condition”. 


Remark 2.4. Condition (1) and (2) guarantee that {H,f*T) and (iL/ker(/),/* t) 
are objects of . 

Condition (3) guarantees that iL/ker(/) x is also a group, where S-^ C T 
is the torus whose Lie alqebra is S'*". Well-definedness of of S'^ is verified in 

Corollary 

If f satisfies this condition, df is automatically injective. It follows from 
Lemma \1.12i 

The following examples satisfy the decomposable condition. 

Example 2.5. (a) Any injection f when rank{H) = rank(G). 

(b) Any local injection f satisfying (2) when rank{H) = rank{G). 

(c) Any local injection f when H is a torus. 

(d) U{n) ^ U{n-\- N) defined by 






Lemma 2.6. If f satisfies the local condition. The normalizer of S in H is 
mapped to the one ofT in G. 

Proof. Since H is compact and connected, exp : 1) —> iL is surjective, that is, 
for any h G H, there exists v G t) such that h = exp(u). With the same way, for 
t G S-^, there exists t G such that exp(t) = t. From Campbell-Hausdorff’s 
formula 

f{h)tf{h)-^ = f{exp{v))exp(t)f{exp{-v)) 

= ex.p{df{v) -\-t-\- ^[df{v),t] H-)/(exp(-?)) = exp(d/(v) -\-t)exp{-df{v)) 

= ex.p{df{v)-\-t- df{v) + ^[df{v)-\-t, -df{v)] H-) 
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= exp(i) = t. 

Therefore, f(h) and t commute. Moreover, for any x € T, there exit s G S and 
t G T-*- such that x = f{s) ■ t. We prove it at Proposition [331 
Therefore, for any n G N{S) and x GT, the following holds. 

f{n)xf{n-^) = /(n)(/(s)t)/(n"^) = /(n)/(s)/(n"^)t 

= f{nsn~^)t G T. 

□ 

From this lemma, we can define a homomorphism /, : W{H) —>■ W{G), 
where W{H) and W{G) are the Weyl groups of H and G respectively. 

Lemma 2.7. /* is an injection. 

Proof. Suppose that n G N{S) and [n] G ker(/,). Then, Ad{f{n)) defines an 
automorphism of t. From the assumption that [n] G ker(/*), Ad{f{n)) = idi. 
Since Ad{f{n))\s = Ad{n), n G S. We obtain the conclusion. □ 

In this section, we define three quasi functors t.e.K, char and RL : Cg’"*'** —>■ 

Ab. Later, we extend them as widely as possible. 

Throughout this paper, Ab is the category of abelian groups. 

2.2 The quasi functor char 

Let us start from the easiest quasi functor char. FHT isomorphism was verified 
by use of this quasi functor essentially. 

Let us define a quasi functor 

char : T - C*’"*®* Ab. 

Firstly, we define it from Cg™*'’*, later we extend it to T — C‘“*'**. 

Let (G, r) be an object of Cg“*®*. Let T be a maximal torus of G. Let us 
recall that 

1 ^ C/(l) 4 1 

is the central extension of T induced from LT'^. A'^ is the set of irreducible 
r-twisted representations of T'^. That is, 

:= {A : —>■ G(l)| homomorphism such that Xo i = id} 

= {dX : —>• Z| homomorphism such that dXo di = id}. 

As we explain in Section 1, Wfjj (G) = xi W (G) acts on A^, we can define 
regular orbits. An orbit is regular if the stabilizer is trivial. 

Definition 2.8. The quasi functor 

char : ^ Ab 

is defined by the Z free module generated by the set of regular orbits {A'^ jWfg iG))re,. 
We write it as 'Z[{A'^/Wfjj{G))reg] also. 


23 


2.3 The quasi functor t.e.K 

The following theorem is one of the main theorem of [FHTlj . We have already 
stated it for tori. 

Theorem 2.9 f [FHTlj i. Let {G,t) be an object of . 


Kf.+^{G) 


0 {k = rank{G) + 1 mod 2) 

(G')))reg] {k = rank{G) mod 2) 


This theorem implies the following immediately. 

Corollary 2.10. If rank{G)—rank{H) is odd, the classical induced homomor¬ 
phism f*of^: Kf^^{G) —> kIj is zero. 

Therefore, f* o f'^ : Kf^^{G) —>• K^j must not have a compatibility 

with the quasi functor char generally. 

Motivated by this observation, we define the quasi functor 


t.e.K : T - ^ Ab 


so that Theorem 10.61 holds. 

Definition 2.11. A quasi functor 

t.e.K : ^ Ah 

is defined by t.e.K{G,T) := K^'"°‘"^^'^\g) . 

Theorem 12.91 implies that there is an isomorphism 

M.d.G ■ t.e.K{G,T) —>• char{G,T). 

We define it in Section |4] by use of a Mackey decomposition and a push-forward 
map. 

2.4 The quasi functor RL 

We have already stated the following isomorphism (Theorem If. 191) . 

Theorem 2.12. 

R^-'^iLG)^Z[iAyW!ff{G))reg] 

The isomorphism is given by the eomposition of taking the lowest weight and 
p — shift. 

Let / : —7- G be a smooth homomorphism, then we can define Lf : LH 

LG by Lf{l) := f o I ior I G LH. 
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At first sight, the homomorphism Lf seems to induce the pull back of rep¬ 
resentations (A/)* : R'^{LG) ^{LH) just like the cases of compact Lie 

groups. 

Recall that all irreducible representations of compact Lie groups are finite 
dimensional and all representations of compact Lie groups are completely re¬ 
ducible, therefore, we can identify finitely reducible representations as finite 
dimensional representations. It is independent of the groups that a representa¬ 
tion is finite dimensional. 

However, in the case of loop groups, “finitely reducibility” is not a property 
of spaces, but one of group actions unlike the cases of compact Lie groups. For 
example, if H : T T x T' is the natural inclusion into the first factor, and 
{V, p) is an irreducible positive energy representation of L{T x T'), {V, (Lii)*p) 
is not finitely reducible fCorollary 15.61) . 

Motivated by this observation, we define a quasi functor 

RL -.T- ^ Ab. 

Firstly, we define it at Cq’"®®*, later we extend to T - C*""*®*. 

Definition 2.13. The contravariant quasi functor RL : Cq“®®‘ ^ Ab is defined 
by 

RL{G,t) := R^-’^{LG). 

Let us recall that the isomorphism 

l.w.G ■ RL{G,t) —>■ char{G,T) 

has been defined by taking the lowest weight. We describe it more explicitly in 
Section 5 for tori. 

We define the “induced homomorphism” /' = RL{f) for / which is a mor¬ 
phism in T — C*™*®* so that it has a compatibility with char{f). 

2.5 Rewriting of FHT isomorphism 

Freed, Hopkins and Teleman constructed isomorphism between twisted equiv- 
ariant AT-theory and positive energy representation group by use of a family of 
“Dirac operators” parametrized by the set of connections over the trivial bundle 
X G in |FHT2) . We write FHT isomorphism for G as FHTg- 
We describe the essence of their proof for tori in our terminology. 

Theorem 2.14 (' [FHT2) Proposition 4.8). Let T be a torus and t be a positive 
central extension of LT. The following commutative diagram holds. 

RL{T, t) - ^ t.e.K{T, r) 


char(T, r) 
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2.6 Proof of Theorem 10.51 

Let us verify our main theorem under the assumption that Theorem l0.6l and l0.7l 
hold. 

The following commutative diagram holds. 


R^{LT) - - -^ Rf*^[LT') 



Commutativity of (1) is Theorem 10.71 and commutativity of (4) is Theorem 
10.61 Commutativity of (2) and (3) are the above theorem. Since M.d.r and 
M.d.T' are isomorphisms, we obtain the conclusion. 


3 The quasi functor char 

In this section, we study the easiest quasi functor char. We use Lemma 11.121 
andOl 

3.1 For tori 

In this section, we study in the case of tori. This is essential because we extend 
the quasi functor char to general Lie groups by use of reduction to maximal 
tori. 

3.1.1 Definition of induced homomorphism char{f) 

Let / : T' r be a local injection and r be a positive central extension of LT. 
We dehne char{f){[X]T) for A € A^, where [A]t means the IlT-orbit including A. 
Let us consider the set {‘d/(A + K'^(n))|n S IIt’} and decompose it as HT^z-orbit. 
That is. 


N 

{*df{X + K'^{n))\n G IIt} = '^{n)\n G 11^}. 

2=1 


is a finite number because the set /k^ '^(IIt’/) is a finite set. 


Definition 3.1. 


N 

char{f){[X]T) ■= 

2=1 


26 













Lemma 3.2. This is well-defined. 

Proof. It is sufficient to verify that {*df{X + K'^{n))\n G Hr} is nr/-invariant. 
It follows from that 

‘d/(A-|-K'^(n))-|-/C'^ ^(l) = *df{X-\-K'^{n)-\-K^{df{l))) G {*df{X-\-K^{n))\n G Ht}, 

where the equality follows from Lemma [1.121 □ 

We can compute the above homomorphism for some cases. We verify the 
followings in Section 5. 

Lemma 3.3. Let ii : Ti — >■ Ti x T 2 be the natural inclusion into the first 
factor and r =p*Ti -\-P 2 T 2 , where Tj is a positive central extension of LTj and 
Pj : Ti X T 2 ^ Tj is the natural projection onto the j ’th factor. Then, 

c/iar(ii)([A]Tixr2) = [*dii{X)]Ti- 

Lemma 3.4. Let q : T' ^ T be a finite covering. Then, 

char{q){\X]T) = ^ Uf{X + n^{m))]T.. 

m^IlT / df {Hrj,/) 

Remark 3.5. m G n 7 ’/d/(n 7 ’/) is a chosen representative element. Let us 
notice that the orbit [*df{X -f K'^{m))]T> is independent of the choice of the rep¬ 
resentative element. 

3.1.2 A counterexample to that char is a functor 

The quasi functor char is not a functor. We give a counterexample to that char 
is a functor. 

Let us consider the following commutative diagram 

T- - - 



Tj 


where f{z) := g{zi,Z 2 ) ■= {ziZ 2 , zizf^) and h{z) := (l,z^). Let us 

notice that 1 is the unit element of T. 

We regard IIt = Z = , IIt^ =1? = A®s’" and IIti = I? = AiJ^s by fixing 

the base of 11 and dual base. 

Let us consider a central extension r of so that 
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Therefore, char(T 2 ,r) = Z 


that is, the whole 


'o' 


'o' 

0 

Ti 

0 


means the orbit generated by ( g 


We have the following data about the central extensions from df = 


1 

-1 


dg = 


1 1 
1 -1 


dh = 


and Lemma 11.121 


("o' = 


Therefore, 


char{Tf, g*T) = Z 


©Z 


T? 


©Z 


T? 


©Z 


T? 


chari^, h*T ) = Z[0]t © Z[1]t © Z[2]t © Z[3]t 
L et us compute char(f), char{g) and char[h). Since 


*dh 


= 2m, 


the image of 


0 

fbj 


under *dh is the set of the whole even numbers. Therefore, 


0 

fbj T? 


char{h) 

With the same way, we have the followings 
char{g) 


= [0]t + [2]t- 


char{f) 

char{f) 


T? 

O' 

fbj T2 


T? 


T? 


Therefore, 


char(f) o char(g) 


T? 


L^J T; 


= [0]t + [2]t 
= [0]t + [2]t- 


= 2char{h) 


fbj T? 
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3.1.3 The decomposition of a local injection associated with a posi¬ 
tive central extension 


While char is not a functor, it holds “functoriality” we need. To state it, we 
need to rewrite a local injection as a composition of finite coverings and an 
injection into the first factor of a direct product canonically. 

Let T and T' be tori, / : T' —>■ T be a local injection and r be a positive 
central extension of LT. At first sight, our formulae Lemma 13.3113.41 are very 
special. However, we can rewrite any local injection / as a composition of finite 
coverings and an inclusion into the first factor of a direct product canonically. 
The following proposition is clear. Firstly, we state the following proposition, 
which is clear. 


Proposition 3.6. We can canonically decompose a local injection f as follows 

T' -^T'/kerf 

where q is a finite covering, and i is an injection. 

The above proposition tells us that we can assume that / is an injection. 
Since we assume /*r is positive, df{t') fl = 0, where df{t')^ is the 

orthogonal completion under < •, • >r in t. 

Lemma 3.7. df{i')^ n Hy is a Z free module of rank n — n', where n = dim(T) 
and n' — dim(T'). 

Proof. Since Ht is a free module, df{i') n Hr Q Ht is also free. Let us fix a Z 
besis {vi,V 2 ,--- ,Vn'} of Hj’/. Then, 

{df{IlT') ® = {df{t')-^ n Ht) ® Q = Pi keT{K^{vi) (g) Q). 

iG{l,2.... ,n'} 

Since iP' is injective, dim((d/(nr') 0 Q)"*") = n — n'. So we can take a Q basis 
such that wj G H^. Since {wj} are linearly independent over Z, 
rank{df{i')^ fl Ht) > n — n'. If r ;= rank{df{i')^ fl H) > n — n', we can take a 
Z basis of d/(t')''* PHt, linearly independent in (c(/'(t')''* HEt) ®Q over 

Q. The dimension of the right hand side is n — n', which is a contradiction. □ 


This lemma implies the followings. 

Corollary 3.8. 

:=d/(t')^/(d/(t')^nnT) cT 

is a torus. We call it the “orthogonal completion torus”. Let j : T'-^ ^ T be 
the natural inclusion. 

Proposition 3.9. If f : T' ^ T is an injection, we can define the new torus 
T' X T'-*- and decompose f as follows. 


T' 


T' X T'^ 


f-3. 


T. 


Moreover, f -j is a finite covering, where {f • j)(ti,t 2 ) is defined by f{ti) •j(t 2 ). 
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Combining Proposition 13.61 with Proposition 13.91 we obtain the following 
theorem. 

Theorem 3.10. We can decompose f as follows 

r ^ T'/kerif) ^ r/kevif) x (T7ker(/))^ A T, 

where (T'/ker(/))‘’~ is the orthogonal completion torus associated with / and t, 
q is the natural finite covering, ii is the natural inclusion into the first factor 
and j is the natural inclusion. 

Formula o W o d{f ■ j) and that df(i') _L df{i')^ under the 

bilinear form < •, • >t imply the following lemma. 

Lemma 3.11. 

if ■ JTt = P*ii*i{f ■ JT'T + P2'i-2(.f ■ = P*lTl +P*2T2. 

That is, the pair ((T'/ker(/)) x (T'/ker(/))-*-, {f-jyr) satisfies the assump¬ 
tion of Lemma 13.31 

3.1.4 The functoriality we need 

We use the same notations in the previous section. 

The following is the functoriality we need mentioned above. 

Theorem 3.12. 


char{f) = char{q) o char(ii) o char{f ■ j) 
Firstly, we verify that we can assume that / is injective. 
Lemma 3.13. If we have the following commutative diagram 



where f and g are local injections and q is a finite covering, the equality 

char(f) = char[q) o char(g) 


holds. 

Proof. Let us take an orbit [A]t S char{T,T) and compute char{f){[X]T) and 
char[q) o char{g){[\\T). 

Since *df = *dq o *dg, the image of the orbit [A]t under *df coincides with 
the one under ‘dq o *dg. Therefore, when c/iar(/)([A]'r) = J2f=i[pi]T', 

N 

char{q) o char(g)([A]r) = ^a*[/Xz]T' 
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for some S Z>o. It is sufficient to verify that ai = 1 for any i. 
If char{g){[X]T) = 


M N 

char{q) o char{g){[X]T) ='^char{q){[iyj]s) = '^ai[iii]T', 

j=l i=l 

where = #{j S {1,2, • • • ,M}\*dq{iyj + K®*'^(n 5 )) 3 + K-I*^(nT')}- 

However, if ^ the images of orbits {v + '^{n)\n G Hs} and 

{u' + At® ^{n)\n G Hs} under *dq are disjoint because *dq is injective. That is, 
for any ji ^ char{q){[vj^]s) char{q){[vj^]s). □ 

Let us verify Theorem 13.121 Let / : T' —>■ T be an injection and r be a 
positive central extension of LT. 

Proof of Theorem \3.12\ The following commutative diagram holds. 



T' X T'-L 


Let [A]t G char{T,T) be an orbit, char{f){[X]T) = J2^=l[^^i]TG and char(ii) o 
char{f ■ j)([A]T) = We verify that at = 1 for any i. Since 

*d{f ■j){{X + K^{n)\n G Hr}) = Vd{f ■ j){X) +*d{f ■ j){K^{n))\n G Ht} 

= II Vd{f-j)iX)+*d{f-j){K^(m))+K^f'^^’^{n')\n'GllT,^T'^} 

meUT/d{f-j){Il^,^r^,±) 

= II i^'dif ■ j){X +K^{m))]T>^T'^, 

that Ui = I for any i is equivalent to that 

char{ii){[*d{f ■j){X + {m))]T'xT'^) ^ char{ii){[*d{f ■ j){X + /t^(m'))]r,xT'-L) 

ii m ^ m' . From liniearity of these maps, it is sufficient to verify it under the 
assumption that m! G d{f • xT'^)- 

Let us assume that [*dii(f^d{f ■ j){X + {m)))]T> = [*dii{*d{f ■ j){X))]T' ■ We 

verify that m G d{f ■ j)(n.T'xT'^)- 

The assumption is equivalent to that 

^dii o ^d{f ■ j) o tP{m) = *df{K'^{m)) G "^(nr/). 

Therefore, there exists k G H^' such that 

*dii o *d{f ■ j) o tP{m) = o *d{f ■ j) o o df{k). 
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So, *d{f ■ j){K^{m) — K^{df{k))) G ker(*(iii). 

Since df {i') _L df{i')^ under < •, • >r, 

ker(*cizi) = 

Therefore, there exists v G (iii(t')-*- = t'-*- such that 

*dif ■ j) o (K^(m) - K^{df{k))) = = *d{f ■ j) o o d{f ■ j){v). 

Since *d{f ■ j) o k'^ is injective, m — df{k) = d{f ■ j){v). Moreover, from that m 
and df{k) are elements of IIt’, m — df{k) = d{f ■ j){v) G IIt' H df{i')^. 

By the definition of the orthogonal completion torus, j = (/• j) |t-l is injective 
and 

dj\n^,^ = d{f ■ j)|n^,_L : Hr n d/(t')-^ 

is bijective. Therefore, v G IVj„± C Therefore, 

m = d{f ■ j){dii{k) + v) € d(/ • j)(nT'xT'J-)• 


□ 


3.2 For general Lie group 

We extend the above construction to more general cases. We use reduction to 
maximal tori. 

3.2.1 Reduction to a maximal torus 

Let G be a compact connected Lie group with torsion-free tti and T be a maximal 
torus of G. Let i : T —^ G be the natural inclusion. 

Let us suppose that A G determines a regular orbit in AJ., that is, the 
stabilizer of A in W®^(G) is trivial. Then the W®^(G)-orbit W®^(G).A can 
be regarded as the union of IlT-orbits IJu,gvv(G)(^-^ + '«^(nT))- So we define 
char{i){[X]G) as follows. 

Definition 3.14. 

char{i){[X]G) := ^ [w.X]t 

wew{G) 

The following lemma is clear from the definition. 

Lemma 3.15. char{i) is an injection. 

3.2.2 The definition of the induced homomorphism of char 
Let us consider the following commutative diagram 

H —^ G 

fc 

S —^ T 
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where H and G are compact connected Lie groups with torsion-free tti, S and 
T are maximal tori of H and G respectively satisfying that f{S) C T. Let 
r be a positive central extension of LG. Let us suppose that / satisfies the 
decomposable condition. 

Definition 3.16. char{f) : char{G,T) —> char{H, f*T) is defined so that the 


following commutative diagram holds. 


charlJG, r) 

char{f) /TTj;* 

- > char{H^f T 

char{k) 

char{i) 

[ 

char{T, k*T) 

char{f\s) , 

- > char{b, 

i*f*T 


We have to verify well-definedness of this definition. 

Firstly, we verify the regularity of orbits. For any [A]g G char{G,T), char{f\s)o 
char{k){\X]c) determines a subset in We verify that the subset is a 

union of W^jj{H)-iegu\&T orbits. Since this subset coincides with the image of 
(G).A under *df, it is sufficient to verify the following lemma. 

Lemma 3.17. If f satisfies the local condition, the image of a regular orbit 
under *df is Wlg{H)-invariant and has the trivial stabilizer. 

Proof. Let A € determine a (G)-regular orbit. Let us consider the 
Waff (G)-orbit W^^{G).X and the image of it under *df. Firstly, we verify that 
*df{WfffiG).X) is (iJ)-invariant, then we verify that it has the trivial sta¬ 
bilizer. 

For any ff G *df{W^jj{G).X), there exists n G W^jj{G).X such that ff = 
*df{v). lF®jy(iL)-invariance of *df{Wf^g{G).X) follows from that 

w.ff = w.*df{v) = *df{f4w).iy) G *dfiW^ff{G).X) 

f, + = *dfin + n^dfin))) G (G).A) 

where w G W{H) and n G IIs. These imply the invariance of ^dffW^g (G).A). 

Now, let us verify the triviality of the stabilizer of *df{W^ff{G).X). Suppose 
that {w,n) G W^g{H) stabilizes ff G *df{Wf^ff{G).X). Then 

w.fj, ^{n) = w.*df{n) *df o K^{df{n)) 

= ^df{ffiw).v + iP{df(n))) = ff = *df{v). 

That is, 

f*{w).v + K^{df{n)) - n e kerfidf) = K'^{df{s)^). 

On the other hand, that 

f*{w).i' -ff tP{df{n)) - n € K^{df{s)) 
holds. It can be verified as follows. 
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Let us notice that v can be orthogonally decomposed as v = vi + V 2 , where 
vi S K^{df{s)) and V 2 G K'^(d/(s))'^. The local condition implies that f^(W{H)) 
preserves d/(s) and acts ons'*' trivially. Therefore, f^{w).v—v = f^(w).vi — vi G 
K^(d/(s)). 

Since d/(s) fl df{s)^ = 0, 

ft{w).v + K'^(d/(n)) — u = 0. 

Since v has the trivial stabilizer, n'^{df(n))) = (ew(G),0). Since /*, df 

and k’’ are injective, we obtain the conclusion. 

□ 

Let us verify the well-definedness of Definition 13.161 by the following three 
steps. 

Lemma 3.18. If the restriction of f to S is a finite covering, the above defini¬ 
tion is well-defined. 

Proof. We can write char(f\s) explicitly as 

char{f\s){[X\T) ^ ^ [‘d/(A-bK^(m))]s. 

meUT/df{ns) 

Since ^df is injective and the orbit W®^(G).A is regular, for any w,w' G W{H) 
and m,m' G nT such that {w,n) (w',n'), the following holds. 

(w.*df(A + At"(m)) + ^**-^*"(05)) n (w'.*df(A + At"(m')) + = 0, 

that is, l*df(w.A -t- K^{m))]s ^ [*df{w'.A -\- K^{m'))]s. 


char{f\s){ [*df{w.A-\-K'^{m))]s. 

w^W{G) 'w£W{G) / df (Us) 

Since IIt is W(G)-invariant and is W(G)-equivariant (< •,• >r is 1T(G)- 
invariant), for any w G W{G) and m G flj', w~^.m G IIt’ and 

w.A -\- iP'{m) = w.{A -\- tP{w~^.m)). 

Let us consider the quotient space W(G)//*(lT(iL)) = {[ILi], [W 2 ], • ■ • , [Wfe]}. 

That is, for any w, there uniquely exist w' G W{H) and I G {1, 2, • • • ,k} such 
that w = fi,{w')Wi, where Wi is a fixed representative element of \Wi\. Since 
*dfof4w')=w'.^df, 

k 

Y {*df{w.A+K^im))]s =Y Y Y [w'.*df{Wi.A+K^{m))]s. 

/ df (Us) w£W{G) I—I m^IlT / df (Ils) w'£W{H) 
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By summing over W{H), ambiguity of the choice of representatives Wi, W 2 ,■■■ , Wk 
does not appear. W (i7)-equivariance of implies that for any m' S IIt /df(ns), 

there exists m G nr/dfllls) such that w'{m) = Since 

^ [w'}df{Wi.\ +K"{m))]s 

w'ew{H) 

is an element of char{H, f*T), so is the right hand side. □ 

Lemma 3.19. If T = S x S'^, the restriction of f to S is the inclusion into 
the first factor and k*T = p{i*f*T + p 2 j*k*T, where pi : S x S-^ S and 
P 2 ■ S X S'-*- ^ S-*- are the natural projection, the above definition is well-defined. 

Proof. We can write char{f\s) explicitly as char(f\s){[X]T) = [*df{X)]s. So 

char{f\s)i ^ [w.X]t) = ^ [*^df{w.X)]s 

u)GW(G) weW{G) 

= E E K-‘#(N-A)]s 

[w]eWiG)/W(H) w'eW{H) 

Since J2w'ew(H) [^'■*df{Wi.X)]s is an element of char{H, f*T), so is the right 
hand side. □ 

Theorem 3.20. The definition is well-defined for f : H ^ G satisfying the 
decomposable condition. 

Proof. Let us notice that we can decompose / so that the following commutative 
diagram holds. 

H —^ H/kerif) H/kei{f)xS^ —^ G 

i ixid k 

S S/ker(/|s) S/ker(/|s) xS^ T 

where j : S-*- ^ T C G is the orthogonal completion torus defined in Corollary 
13.81 Firstly, we assume that / is injective for simplicity. 

Lemma l3.181 and 13. 191 imply that the following commutative diagram holds. 

char{G,T) 1)^ char{H x S-^ ,{f ■ j)*T) char{H,f*T) 

c/iar(fc)J^ char{ixid) 

char{T,k*T) - char{S x S-^,{f\s ■ j)*T) - char{S,i* f*T) 

Theorem 13.121 tells us that char{f\s) = char{ii\s) o char{f\s ■ j). 


char{ 


n 


I 
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If we define char{f) by char(ii) o char{f ■ j), char{f) is compatible with 
char{f\s), that is, the following commutative diagram holds. 

char{G, r) - char{H, f*T) 

char{T, k*T) - char{S,i* f*T) 

If / is not injective, we can verify the well-definedness with the same way. 

□ 

3.2.3 An example which shows that we should not easily define 
char{f) for general group 

If one easily define char{f), just like the case in tori, char{f){[X]c) may be the 
sum of W^ff{H)-OThits *df{W{G).{\ + K'^(nT)). However, this is not compatible 
with the case of tori. We give an example. 

Let us define / : T —>• [/(3) as 

fz 0 0 

fiz) := 0 1 0 

\0 0 1 

and r be a positive central extension of LU{3) such that induced homomorphism 
is represented as 

-3 0 0 \ 

0-3 0 

0 0 -3/ 

where the maximal torus of U{3) is the diagonal matrices. Let i : ^ U(3) 

be the natural inclusion. We write / as ii if we regard / as T ^ T^. That is, 
the following commutative diagram holds. 

T—Ac/(3) 

i 

T— 



Since W{U{3)) = 63 , W®^([/(3))-regular orbit is W®^([/(3)) • 

fore, Kl+^-^{U{3)) ^ Z. 

Since = (-3), Kf^+\T) ^ Z^. 

We can compute char{i) and char{ii) as follows. 



. There- 



'o' 


'o' 


'o' 




'1 


Y 


Y 

char(i){ 

1 

) = 

1 

+ 

2 

+ 

0 

-b 

2 

-b 

0 

-b 

1 


2 

(7(3) 

2 

T3 

1 

T3 

2 

T3 

0 

T3 

1 

T3 

0 


T3 
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char{ii){ 


L'^J T3 


Therefore, char(ii) o char(i){ 


0 
1 
2 

L^J (7(3) 


) = 

) = 2([0]t + [1]t + [2]t)- 


However, ^df {WIg {U{?>)) • [ 1 ) ) is entire of that is char{f ){ 


U(3) 


seems to be [0]t + [1]t + [2]t- This example tells us that we should not define 
just like the case of tori using the correspondence of orbits. 


4 The quasi functor t.e.K 

4.1 General constructions 

In this section, we describe general constructions, Kiinneth isomorphisms, family 
index maps and Mackey decompositions. 

Kiinneth isomorphisms will be verified by a canonical way, that is, Mayer 
Vietoris argument just like ordinary KT-theory [Karoiibl] . By use of it, we define 
family index maps. 

A Mackey decomposition is an analogue of the isomorphism in un-twisted 
case Kc{X) = K{X) 0 R{G) for trivial G space X. 

4.1.1 Kiinneth isomorphisms and family index maps 

In this section, we verify Kiinneth isomorphisms and define family index maps 
for twisted equivariant KT-theory in special cases. This is very important to 
construct if, where ii is the natural inclusion into the first factor of the direct 
product. 

Let us start from more general construction, the tensor product. 

Definition 4.1. We can define the graded commutative and associative tensor 
product 

by well known formula 

[{Xx}x^x] 0 [{Gxjxex] [{Xx 0id + e0 Gxjxex], 

where e is the grading involution id® {—id). Associativity follows from Kuiper’s 
theorem. 

Remark 4.2. (1) When G acts on X trivially, we have a natural map —>■ 

KrQ^"2(X) by regarding a family of Fredholm operators equivariant one via the 
trivial action. Through this map, we can define the tensor product 
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We need it for Kiinneth isomorphism in our cases. 

(2) We can define a “formal K-theory class” {J^x\x^x as a family of Fred¬ 
holm operators not compactly supported. Moreover, we can define as 

[{Gxjxex] <8) {Tx}x^x '■= [{Gx 0 + e 0 Tx}x^x] 

for a K-theory class [{Gx}x£x] € Kffi^{X) just like de-Rham comlex 0 

fl^(X) r2"+'"(X). We need this construction for a Mackey decomposition in 
Section \4.1.2\ 

The following is clear from the definition. 

Proposition 4.3. F* and preserves 
Let us verify Kiinneth isomorphisms. 

Theorem 4.4. Let M be a smooth compact manifold which G acts on triv¬ 
ially, T he a G-equivariant twisting over M and Z be an n dimensional compact 
manifold. Let us suppose that K'^(Z) is free abelian groups for any m. Let 
us consider the direct product M x Z and the projections pi : M x Z ^ M, 
P 2 : M X Z ^ Z. G acts on M x Z trivially. Then the homomorphism 

pI( 8 )P 2 - ® K*{Z) x Z) 

is an isomorphism. Therefore, we can define the Kiinneth isomorphism 

^Mxz,G,r : K§^+*{M xZ)^ Kf;+*{M)®K*{Z) 
by {pI 0 where K* means K° © K^. 

Proof. We write the restriction of a twisting t to U which is a subset of M as 
t|j/ for simplicity. 

We can take a finite compact contractible cover of M such that 

Hie/ bli is contractible for any / C {1,2, • • • , iV}, for example triangulation. 

Since Ui is compact and contractible, we can assume that Ui is a point {pt} 
and T determines the central extension G"” of G. Firstly, we verify that 

pI®P* 2 : K^J^^^^^*i{pt})®K*iZ) ^ X Z) 

is an isomorphism. 

Since Z is a compact manifold, it has a finite compact contractible cover 
[WjYjfli such that C\j^jWj is contractible for any J C {1,2,-•• ,N'}, for 
example triangulation. Since Wj is compact and contractible, we can assume 
that Wj is also a point. 

® K*{{pt}) - K*ax{{pt}){l) 0 K*{{pt}) 

- K*ax{{pt} X {pt}){l) - X {pt}), 
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where (1) means that the weight of i{U{l)) C is 1, that is, KQ^{{pt}){l) is 
the Grothendieck completion of the semigroup of G'^-equivariant vector spaces 
which i{U{l)) C G"^ acts on by scaler multiplication. The addition of this 
semigroup is defined by the direct sum. The first and the last isomorphisms are 
verified in [FHTl] Proposition 3.5 i). The middle isomorphism is obtained by 
Pt®P2- 

These isomorphisms and Mayer Vietoris argument imply that 

pI^P2- G K*{Wi U W2) ^ {{pt} X {Wi U W2)) 

is an isomorphism. By the induction on the number of k in UiLi have 

the conclusion. 

With the same way, we can verify that 

pI®P* 2 : U U2) ® K*iZ) ^ U U2) x Z) 

is an isomorphism. By the induction on the number of k in Ui, we have 
the conclusion. 

□ 


Let us define family index maps for our cases. 

When the tangent bundle TZ is trivial, and we fix a trivialization of TZ and 
an orientation of Z, we can define isomorphisms 

K^{Z) ^ K^^{Z) ^ K{Z,Cl{TZ)) 

by Hxing the trivial Spinor bundle Z x Ar™ , where n is the dimension of Z 
(Example ll.29|) . Let us recall that an orientation of vector space V determines 
the Spinor Ay I jFnruta] Theorem 2.15). 

The following lemma is one of the consequence of Atiyah-Singer index the¬ 
orem when n is even. 

Lemma 4.5 f |CW) l. We can define the index map indz ■ K^{Z) —>■ Z. It 
depends on the choice of the isomorphism K"'{Z) = K{Z,Cl{TZ)), that is, it 
depends on the choice of the trivialization ofTZ and the orientation of Z. indz 
is given by the push-forward along the unigue map Z —>■ {pt}. 

For simplicity, we assume that Kq{M) or is equal to 0. Then we 

can define a family index map. We take no = 0 or 1 so that {M) = 0. 

Definition 4.6. If we fix a trivialization ofTZ and an orientation of Z, 

indMxz^M : X ^ iL5+”°(M) 

is defined by the composition of the following seguence 
^P^r+no+n^^ X Z) (M) ® {Z) 
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We can extend these constructions to non-trivial G-manifold M. 


Theorem 4.7. Theorem \4-.4\ is valid for non-trivial G-manifold M. 

Proof. We have the “slice theorem”. That is, each x G M has a closed G- 
neighborhood of the form G Sx, where the slice Sx is equivariantly con¬ 
tractible under the stabilizer Gx- Therefore, we have an isomorphism 


K. 




Gxg,S: 


;)+* 


.-PIG\cXg^S:^)+* , 


a {{Gxg^Sx)xZ)^K^c^'- (GxgAS.xZ)) 

^ X Z), 

where the last isomorphism can be defined by the pull back along the natural 
inclusion 


Sx X Z B (s, z) 1-^ [(ec, s, z)] G G xg^ {Sx x Z). 

Since Sx is equivariantly contractible under the stabilizer Gx, we have an iso¬ 
morphism 

X Z) - X Z), 

{{x} X Z) is isomorphic to ({a;}) ®K*{Z) by Theorem l4.4l 

From the isomorphism (G Xg„ Sx), the natural 

isomorphism 


K, 


P*(t|gxc 


Sx)+*/^ /r, xxXX XNX 

(G X(5^ {Sx X Z)) — Kq 




(GxGx Sx)(8 )K*{Z) 


holds. Mayer Vietoris argument implies the theorem just like Theorem 14.41 □ 

When Kq'^'^°'^^{M) = 0 and Z has the trivial tangent bundle, we can extend 
a family index map to non-trivial G-manifold with the same way in the case of 
trivial action. 


Definition 4.8. x4 family index map 

indMxz^M ■■ xZ)^ K§^+^°{M) 

is defined just like Definition \4.6] 

The following lemmas about functorialities of Kiinneth isomorphisms are 
clear from Proposition 14.31 

Let X and Y be smooth manifolds, G be a compact Lie group and G act on 
X and Y smoothly. Let a smooth proper map F : Y —>■ X be G-equivariant, 
/ : iL —G be a smooth group homomorphism and r be a G-equivariant twist¬ 
ing over X, which is also iJ-equivariant through /. When we regard r as 
7L-equivariant one, we write it as /^r. 
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Lemma 4.9. The following commutative diagram holds. 


X Z) 

(Fxidy 




K: 


pIF‘t+* 


{N X Z) 


'^NxZ,G.F*t ^p*t+* 


> ^+*{N)®K*{Z) 


Lemma 4.10. The following commutative diagram holds. 


K§'"^*{M X Z) Kff^*{M) (g) K*{Z) 

y y^id 

X Z) k{^^+*{M)<^K*{Z) 

These lemmas imply the followings. 

Proposition 4.11. The following commutative diagram holds. 


"■I 

^p*FV+no+n^^ X Z) 

Proof. Lemma 14.91 implies the commutativity of the left side of the following 
diagram. 


(Fxidy 


j^p'r+no+n 

(Fxidy 


(M X Z) 


^M> 


^ KP^"°{M)(g)K'^{Z) 


id0indz 


> Kf;+^°{M) 


F*0id 


j^plF^T^noFn 


(NxZ) (g,X"(Z) 


(iV) 


The compositions of horizontal arrows are indMxz^M and ind^xz^N respec¬ 
tively. The commutativity of the right side is clear. 


□ 


Proposition 4.12. The following commutative diagram holds. 

^udMx Z^M^ (M) 

'■1 '■! 

(M X Z) 

Proof. We can verify it with the same way in the proof of the above proposition 
from Lemma [4. 101 □ 
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4.1.2 A Mackey decomposition 

We use a Mackey decomposition to compute for a torus, which is 

an analogue of the isomorphism in un-twisted equivariant A-theory Kg{X) = 
K{X) (g) R{G) for trivial G-space X. We state it for trivial T-spaces. We omit 
the proof. See |FHT3) for detail. 

Let T be a torus, X be a smooth manifold, T act on X trivially, P be a 
T-equivariant projective bundle over X, and r be the twisting represented by 
P. Covering space Y and the associated twisting t' over Y are defined by the 
following. 

(i) a T-equivariant family, parametrized by X, of central extension T'^ of T 
by t7(l); 

(ii) a covering space p : Y —>■ X, whose fibers label the isomorphism classes 
of irreducible, r-twisted representations A^; 

(hi) a tautological projective bundle Pi? —)■ Y whose fiber Pi?A at A S F is 
the projectification of the r-twisted representation of T labelled by A; 

(iv) a formal Pi?-twisted A-theory class [A], represented by A; 

(v) a non-equivariant twisting t' over Y and an isomorphism as T-equivariant 
twistings t' = p*T — PA. 

Theorem 4.13 f [FHT3| l. There is an isomorphism 

Mackeyx,T,r : Aj+'=(X) ^ A^'+'=(r) 

associated with an isomorphism t' = p*T — PA in (v). 

We verify naturality with respect to pull back along a continuous map be¬ 
tween two spaces and pull back of group action along a local injection between 
two tori. Before that, we verify Theorem l2.9l 

Corollary 4.14. Let T be a torus and t be a positive central extension of LT 
and the associated T-equivariant twisting over T. Fix an orientation of T. 

Then we have an isomorphism M.d.r '■ —>■ char{T,T). More¬ 
over, 0. 

Proof. Associated covering space Y is AJ. Xnj, t, IIt acts on AJ. through M 
(Definition ll.9l) and on t via the translation. M{n) represents how the character 
changes when one travels in T along the geodesic loop n. Since r is positive, M 
is injective. Therefore, A^ Xnj, t has a structure of a trivial vector bundle over 
Ay(fir) whose fiber is t. We write this vector bundle as 

TT : Ay X Hj. t —y Ay /M (II 7 ’) . 

Moreover, since any connected component of Ay Xnj, t is contractible, a twist¬ 
ing over Ay Xnj, t is automatically trivial. So we have the following series of 
isomorphisms 

Mackeyr.T..^ (A^, X t) A K M (Ut)) = char{T,T). 
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The first isomorphism is the Mackey decomposition and tti is Thom isomor¬ 
phism, so this isomorphism depends on the orientation of T. 

Since {Ut)) = 0, ^0. □ 

We omit the proof of the following theorem. You can find the proof in 
|FHT3) . 


Theorem 4.15. Let k : T G be a chosen maximal torus. We ean define 
the isomorphism M.d.c ■ —>■ char{G,T) so that the following 

diagram commutes. 


t.e.K{G,T) t.e.K{T,k*T) 


M.d., 


M.d.' 


char{G,T) -^ char{T,k*T) 


Let us construct a Mackey decomposition, and verify naturality with respect 
to F* and /^, where T" is a proper smooth map between two manifolds and / 
is a locally injective group homomorphism. 


Construction: The isomorphism stated above is the inverse of the composition 
of the following sequence 

iW'(Y) ^ K^{Y) = ^ kY^{Y) ^ K^{X), 

where the first map is defined by regarding a family of Fredholm operators as 
an equivariant one via the trivial action, the second isomorphism is dehned by 
the isomorphism of twistings, the third map is defined by the tensor product 
with the formal Lf-theory class [i?], and the last map is the push-forward along 
p:Y ^X. 

Since the central extension of T splits and T is abelian group, T'^ is also an 
abelian group f |FHTl) Lemma 4.1). So r-twisted irreducible representations of 
T are 1 dimensional. Therefore, the fiber Pi?A of Pi? at A is a point, that is. 
Pi? = Y. In other words, the twisting Pi? = 0. 

Remark 4.16. If T-equivariant twistings t and a are isomorphic, the isomor¬ 
phism Kif{X) —^ K^{X) depends on the choice of the “homotopy class” of 
isomorphisms between t and a (Provosition \1.3^) . “Homotopy classes” of iso¬ 
morphisms are classified by the second equivariant cohomology group H^{X), 
that is, isomorphism classes of equivariant complex line bundles, just as H^{X) 
acts on K*{X) via the tensor product with the corresponding complex line bun¬ 
dle, where we regard K*{X) as not a ring but a group. 

So the isomorphism Kif (Y) = determined not automatically 

but by taking an isomorphism t' = p*T — Pi?. 

Let us verify naturality of a Mackey decomposition. 
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Theorem 4.17. Let X and X' be manifolds, T be a torus acting on X and X' 
trivially, t be a T-equivariant twisting over X, and F : X' ^ X be a smooth 
proper map. p : Yt ^ X and p' :Yf ^ X' are the covering spaces constructed 
above. 

The following commutative diagram holds. 


K^'+HYt) ■ > K^'’Y+k(Yf) 


Mackey x,t,t 


Mackeyx' 






iX') 


where F is defined in the proof. 

Proof. Firstly, we verify naturality of the covering space. 

Lemma 4.18. The covering space Yf over X' associated with F*t is homeo- 
morphic to F*Yt. Therefore, we can define a continuous map F : Yf ^ Yt 
and the following commutative diagram holds. 


Yf ^ F*Yt —^ Yt 

-'I ”1 

X' —X 


Proof. Firstly, we verify naturality of T'^ family with F*, then we verify the 
lemma. 

Let P be a projective bundle which represents the twisting r and p be the 
action of T on P. Tf is defined by the pull back of the central extension P(l) 
U{Hx) -5- PU{'Hx) along the homomorphism px : T ^ U{Px) = PUifHx), that 
is, Tf = p%{U{TLx)), where TLx is a chosen lift of Px. 

Since the action of T on P*P is defined by Pa;' = pF(^x'),Tj^' '^ = 9 %'{U{TLf(x'))) 
P*F(.')^U{nF(x'))) = Tf^x'y 

Let us verify the lemma. Let us recall the topology of Yt. Let U he & 
sufficient small open neighborhood oi xq € X in X. Then we can trivialize P on 
U, that is, P\u =14 X P(P). By use of this homeomorphism, we can trivialize 
the T'^ family over U, that is, {Tf}x^u — U x Tf^. So we can trivialize as 
Yt\u —14 X KTp . Since this trivialization depends only on one of P, we can 
define the associated trivialization of Ft' on F~^{IA) by well known method. 

Since X!j, = Ap f,, we can define a fiber map P : > Ft by F(x', A) := 

{F{x'),X), where x' G X',X G Ap f,. Let us notice that po F = F op' from the 
definition of F. Continuity of this map follows from that the restriction of P to 
F~^{14) can be written as P|f-i(w) ^ through the above trivialization. 

By the universality of the fiber product, there exists the unique continuous fiber 
map F*Yt -G Yf. Since this map is surjective and fiberwisely homeomorphic, 
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it is a homeomorphism. 


F*Yt = X' xx Yt 



Let us consider the following diagram 
K^'+k{YT) -^ K^^’^iYr) — 


_p* 


F* 


K^—VRT+k 


F* 


(Yt) 


□ 


^FV'+fc(y^) -^ j^F-p-r-PF-R^+k^yr^ 


0 [-Rt] 


0 [-R^ 


0 [-Rt] 




F* 


(Yt) 


P\ 


T^F*p*TFk 


4 


(YF 


-> K, 


kF’" 

^*1 

F*r+fc 


(x) 


ix'). 


The compositions of horizontal sequences are the inverse of Mackey x,t,t and 
Mackeyx' ,T,F*r respectively. If we verify the commutativity of four squares, we 
obtain the conclusion. 

The first is clear. 

The second is verified by pull back of isomorphism between two twistings 
along F. 

The third is clear from the following lemma and that F* preserves ®. 


Lemma 4.19. Let Rt and R'rp be the formal K-theory classes associated with 
{X,t) and {X',F*t) respectively. Then is canonically isomorphic to F*Rt. 


Proof. Let us define an isomorphism as T-equivariant vector bundles f) : Rip —>■ 
F*Rp. Let us recall that 


Rt= U (Ca),, R'p= U (Ca).', 

{x,\)(^Yt (a:',A)GKf 


where Tf acts on Ca via character A G AJ.^. 

Let us define <j) as 

4>{x',x,z) := iF{x'),X,z), 
where x' € X\ X G and z G Ca- 
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Continuity is verified by taking a local trivialization. The isomorphism 
R'rp = F*Rt as vector bundles is verified just like the canonical homeomor- 
phism F*Yt = Y^. Equivariance is verified as follows. 

t.(j){x', A, z) := t.{F{x'), A, z) 

= {P{x'),X,X{t)z) = (t){x ,X,X{t)z), 

where t erf ^ = □ 


The fourth follows from Lemma [OHl Let [{J'^(£c,A)}(a;,A)ey'T }] e Kjf^+’^iYr). 
We can compute F* o and p\ o F*([{as 

follows. 

i"*°P!([{-^(..A)}(..A)GV.]) = J^*([{ 0 ■^(.,A)}.GX]) 


— [{ 0 P(F{x'),\)}x>eX' 


aga: 


T,F(,x') 


P\ O -P'*([{-^(x,A)}(a:,A)GVT]) “ Pi (.A) }(rc'.A) g1t]) 

= [{ 0 P(F(x'),\)}x’eX']- 


Therefore, the both sides coincide. 


□ 


Let us verify naturality with respect to pull back of group action. However, 
the sense of “naturality with respect to /^” is not clear, because K'^ ^^(Tr) 
is a non-equivariant twisted if-group. In this paper, we regard the following 
theorem as naturality with respect to /*'. 

Theorem 4.20. Let p : Yt ^ X and p' : Yt' X be the covering spaces 
associated with (T, r) and (T',/*'t) respectively. The following commutative 
diagram holds. 

kP+^(Yt) ■ ~ 

*df, R 

where t' , t" and ^df are defined in the proof. 

Remark 4.21. The above theorem is an analogue of the following commutative 
diagram mentioned in Introduction. 

K{Kt) R{T) = KrUpt}) 

Cdf), R 

K{kT’) R{r)=KT'{{pt}) 

Usually, f^ is written as f* which is the pull baek of representations along f. 
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Proof. Let us start from naturality of the covering spaces. 

Lemma 4.22. We can define a continuous fiber map ^df : Yt —>■ Vt' such that 
thefollowing diagram holds. 


Yt 

p 

X 


*df 


> Yt' 


X 


Proof. The family of central extensions of T' can be obtained by 

the fiber product Tj ^ :=T' XtT^, that is, the following diagram commutes. 


rp'f^T , rpT 

^ X ' ^ X 

1 1 

T' —^ T 

It can be verified with the same way in the proof of Lemma 14.181 

Since we have a homomorphism f^ : —>■ TJ induced by /, we have 

a pull back of representations. We can define *d/ : It —?> Ft' by *df{x, A) := 
{x,*dfx{X)). Continuity is verified by use of the trivialization defined in Theo¬ 
rem [TTTl □ 

Formal AT-theory classes [At] and [i?T'] have the following functoriality. 

Lemma 4.23. Let [At] and [Rt'] be the formal K-theory classes associated 
with (T, r) and (T',/^t) respectively. 

We can define a homomorphism of vector bundles *df : At' —>■ At, which 
makes the following diagram commute. 


Rt Rt' 


Yt 



Yt' 


Through f : T' ^ T, T' acts on Rt- When we regard it as T'-eguivariant 
bundle, *df is a homomorphism as T'-eguivariant bundles. 

Proof. *df{x, X', z) := (x,*df{X'),z) is a homomorphism between two vector 
bundles. Equivariance is verified by the same method in Lemma 14.191 □ 
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Let us verify the theorem. Let us consider the following diagram. 


K'^'+k(YT) -^ K?,1 +'^{Yt) 




( 1 ) 


/" 


(3) 


K^'+>={Yt) -^ K^y+^Yr) 


"+'‘{Yt) - 

( 2 ) I f*' f'^ 

tdf) [R^,] 

K^y‘-—^RT)+k^YT) -^ K^y^+’^iYr) 


A'J+''(X) 


(4) 


(‘d/). 


( 6 ) 


(*d/)l 


(7) 


(*d/)l 


|(‘d/), (5) 

K'^”+'^{Yt>) -^ Ky+'^{YT’) -^ Kyf^'-^+’^iYT') K;^y+^(X) 


If we can prove all of the commutativities from (1) to (7), we obtain the 

—' Jjs 

required commutativity. Let us notice that /^p*r = *df p'*f^r and y{p*T — 
—— * 

Pi?T) = *df {p'*P t — Pi?T')- Therefore, the above push-forward maps are 
well-defined. 

(1) , (5) are clear from the definitions of each maps. 

(2) , (6) follow from that we can pull back the isomorphism between two 
twistings, t' and r" are defined so that *df r" = pr'. 

(3) , (4), (7) follow from the explicit description of these maps. Let us verify 
(3). Let us notice that {*df)*[RT'] — yiRr]- 

Let [{-P'(a;,A)}(a;,A)Gyr] ^ (Tt)■ We Can compute each composi¬ 

tions as follows. 

f\[{yx,\)}{x,\)£YY] ® [-Rt]) = /H[{“^(a:.A) ^ id + 6 0 CA}(a;,A)Glv]) 

[{/^ {^(x^X) ) 0 fd p e (8^ ^*df(X) }(a:,A)Glv] * 

/H[{*^(.,a)}c.,a)^y.]) 0 MTIRt'] = ([{/^(*F(.,a))}c.,a)^y.]) 0 WIRt'] 

~ [{/^ (a:,A) ) ^ id C ^ ^*df{X) }(a:,A)GlT] ‘ 

Therefore, the both sides coincide. 

If we notice that 

(‘d/)!([{d^(a;,A)}(a;.A)GVT]) = [{ ^ “^(s.A) }(a:.M)eip/]) 

*df(X)=ti 


(4) and (7) follow from the same argument. 

□ 

4.1.3 A relationship between index maps and Mackey decomposition 

Lemma 4.24. Let M, Z be manifolds which T acts on trivially and t be a 
T-equivariant twisting over M. We suppose that K'^{Z) is free for any m G Z. 
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Let p :Yt^X be the covering space of X associated with (T,t). The following 
commutative diagram holds. 




Mackey mxZ,t,p*t 


M ackey M ,T ,T 


KPi^'+*{Yt X Z) K'^'+*{Yt)Z>K*{Z) 


Proof. We verify the following commutative diagram. 


K'^'+*{Yt)iZK*{Z) 

p1®P2 

KPi'^'+*{YT X Z) 


^ Kf^+*{YT)(ZK*{Z) - > K^^~^’^"^*{Yt)(ZK*{Z) 


Pl®P2 

> K§^'^*(YtxZ) 


pI®pI 

^ K§<'P'-^^)+*(YtxZ) 


RP ^+*{Yt)<»K*{Z) 


p\0id 


k:j+*{m)®k{z) 


p1®pJ 


P*®P2 


where 0 id{x ®y) = (a; (8) [i?]) ® y. 

Commutativity of the first square and the fourth one are trivial. 

The second one follows by taking the isomorphism between p\t' and p\ (jfr— 
Pi?) as pull back of the one between r' and p*T — Pi? along pi. 

The third one is clear from that pull backs preserves <Z. □ 


Let us verify the following theorem. Let us recall that we assume that 
= 0, dim{Z) =n, Z has the trivial tangent bundle and K'^{Z) is 
free for any m in order to define a family index map. 

Theorem 4.25. The following commutative diagram holds. 


j^plr+n+no 


(M X Z) 


indMxZ^M 


> ifJ+”«(M) 


Mackey^^z.T.t 


Mackey M,: 


XPl^'+n+no^Yr X Z) M+^o(Yt) 


Proof. The following commutative diagram holds. 
Ir+n+no^j^ X Z) 






Mackey^^z.T.p*^ 


Mackey M,T,T^'id 


Mackey M,T,i 


^YrpXZ 


> R^'+'^»{Yt)^R^{Z) 


RPl^’+n+no(jT X Z) 

The hrst square commutes from the above lemma. 
The second one commutes clearly. 


id0indz 


> R^’+^°{Yt) 


□ 




iSipd-R]^ 
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4.2 For tori 


Let r be a torus, and t be a positive central extension of LT and the associated 
T-equivariant twisting over T. In this section, we construct for a local 
injection / : S' —^ T so that it has a compatibility with char{f) by use of the 
following lemma. 

Lemma 4.26. We have a canonieal isomorphism char(T,T) = K{A'^/ (YIt))■ 
Under this identifieation, if T = S x S', f is the natural inclusion into the 
first factor, and t = p*ti +P 2 T 2 , char(f) corresponds to the push-forward map 
{{'df)modIlT)\, where ri and T 2 are positive eentral extension of LS and LS'^ 
respeetively. {*df)modIlT is defined in Lemma l4-28\ 

Proof. The canonical isomorphism is defined by defining the values of the canon¬ 
ical generators as char{T,T) 9 [A]t (5[a]j, € K{Atp/ k'^'{Ut)) , where G 
KlA^/ k''' (Ht)) is a trivial vector bundle whose rank is 1 supported on the point 
IMt- _ 

As we explain in Lemma 14.281 ATp/n''(JI t) = x A''g,/{YVs') 

and {'df)modY\T is the natural projection onto the first factor. By this cor¬ 
respondence and the definition of the push-forward map, the statement about 
induced homomorphism is clear. □ 

We use this identification and the functoriality of push-forward maps, pull 
backs, family index maps and Mackey decompositions in order to verify our 
theorem. 

We will generalize the correspondence between {{*df)modI\.T)\ and char{f) 
in the following. 

4.2.1 Direct product 

Let Ti,T 2 be tori, T = Ti x T 2 , Uj be the dimension of Tj, Tj be a positive 
central extension of LTj, ij : Tj ^ T be the natural inclusion into the j’th 
factor, pj : T ^ Tj be the natural projection onto the j’th factor (j = 1,2). 
We obtain a positive central extension t = p^ti + P 2 T 2 of LT from these data. 
Orientations of Ti and T 2 naturally define the one of T. 

We verify the following theorem. 

Theorem 4.27. If we define as 

if := mdTixTa-i-Ti o i\, 

the following diagram eommutes. 

i# 

t.e.K{T,T) — t.e.K(Ti,Ti) 

M.d.Ti 

char(T,T) -^-44- char(Ti,Ti) 
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Let us start from the lift of {*dii)modIlT to the covering space. 
Lemma 4.28. The following commutative diagram holds. 


(f diiXdpi)modIlT . 

xn^ t -> AJi h 

TTi 


A;i//c"i(nTj 

where the horizontal arrows are defined by 

(‘dzi)modnT([A]) := [*(i*i(A)] 

Cdii X dpi)TOodnT([(A,u)]) := [Cdii{X), dpi{v))] 


and the vertical arrows 


TT : ATp Xn.j. t —^ ATp/tC 
TTi : ATfi^ Xn^j ti —>■ Affi^/ 

are the trivial vector bundles mentioned in the proof of Corollary \4.14\ 

Proof. If we verify the well-definedness of fidii x dpi)modIlT, commutativity is 
clear from the definition. Let n G IIt, A G Alp and n G t. We have to verify that 
*dii X dpi(A-I-K'^(n),n-I-n) is equivalent to ‘dzi x dpi{\,v) under the action of 
IIti- 

*dii X dpi{\ -\- K^{n),v -|- n) = (fdii(\ + {n)),dpi(v + n)) 

= {^diifiX -\- iP'{dii o dpi{n) + dh o dp 2 {n))),dpi{v) + dpi{n)) 

= fidii{\) + *dii o hP o dii{dpi{n)) + *dii o rP o di2{dp2{n)), dpi{v) + dpi{n)) 
= Cdii{\) + K^^{dpi{n)),dpi{v) + dpi{n)), 
where *dpi o o di 2 = 0 from Lemma If. 131 □ 

Lemma 11.371 implies the following. 

Proposition 4.29. The following commutative diagram holds. 


A'”(A5. x„, 1) 


A-(Aj/K-(nT)) A'(A;;/»'.(nT.)) 

The lift fidiixdpi)modIlT of fidii)modIlT can be written as the composition 
of the following sequence. 
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Lemma 4.30. {^dii x dpi)modI\T can he written as the composition of the 
following sequence 


. _ (^diiXid)modIlT » -r, (idxdpi)modllT . -r, 

XUt t - ^^ AJf XUt t - -^^ At\ XHti tl’ 

where IIt’ acts on through dpi : XIt —^ and , and 

{^dii X id)modIlT{[{X,v)]) := [(‘(iii(A), i;)] 


{id X dpi)modIlT{[ip,v)]) := [{p, dpi{v))]. 

Proof. Well-definedness of these maps can be verified with the same way in the 
proof of Lemma 14.281 The equality 

{*dii X dpi)modIlT = {id x dpi)modIlT o {*dii x id)modIlT 

follows from that ^dii x dpi = {id x dpi) o (fdii x id) □ 

Through the diffeomorphism A!J? Xnyf — {^t^ ti) x72, {idxdpi)modIlT 
can be thought as the projection onto the first factor. 

The following lemma is clear from Theorem 14.20114.251 Let us recall that 
= 0 and the tangent bundle of T 2 is trivial. We can trivialize 
TT 2 via the left translation. 

Lemma 4.31. The following commutative diagram holds. 


Klj+^{T) 

Mackeyj',T,T 

K^{Yt) 


> X T2) 


ind‘ 


■Ti xT 2 ^Ti 


Macfeey.j,^xT2,Ti,pJ 
ddlii) 


Mackey 


4 K^{Yt,xT2) -^-4 K^^{YtJ 


where n := ni + n 2 , Yt := AJp Xn^ i and Yt^ := A^^ XHt^ 4- 

The decomposition of (‘dfi x dpi)modIlT and Theorem 11.381 imply the fol¬ 
lowing lemma. 


Lemma 4.32. The following commutative diagram holds. 


K^{Yt) -^^ K^{Yt, X T 2 ) -^- 4^ K^^{Yt,) 


K{A-j./k^{Ut)) 


{Tdii) 7 nodIlT)l 


K{A^^\/k^-{UtJ) 


Let us notice that the upper sequence in the above lemma is the lower one 
in Lemma [4.311 

Let us verify the theorem. 
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Proof of Theorem \^.2'1\ Let us recall Lemma 14.261 that is, the following com¬ 
mutative diagram holds. 




(Cdii)mo<mT)\ / n m 


char{T, t) 


char{ii) 


> char{Ti,Ti) 


Combining with Lemma 14.321 the following commutative diagram holds. 


(trfij), indv^j, 

K^{Yt) -^^ K^{Yt^ X T2) -^^ K^^iYT^] 


K{A^/K^{nT)) 


char{T, r) 


dii)modIlT)\ 




char{ii) 


■ char{Ti,Ti) 


Let us consider the following diagram. 


M ackeyT ,T ,T 


I 


ind’ 


7^ri + 


Mackey 


(1) Mackey (2) 

(Mn), , indy 

K-^iYr) -^^ K^{Yt, X T2) -^^ K^^iYr,) 


char{T, r) 


(3) 

char{ii ) 


■ char(Ti,Ti) 


Let us recall that M.d.r = tti o MackeyT,T,T AI.d.T^ = ttw o Mackey 

(1) commutes from Theorem 14.201 (2) commutes from Theorem 14.251 (3) 
commutes from the above commutative diagram. 


□ 


4.2.2 Finite covering 

Let q : T' ^ T he a, finite covering of an n dimensional torus and r be a positive 
central extension of LT and the associated T-equivariant twisting over T. In 
this section, we verify the following theorem. 

Theorem 4.33. If we define 


q* := q* 


oq^ 
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the following commutative diagram holds. 

n* 


t.e.K{T,T) 

M.d.- 


-> t.e.K{T',q*T) 

M.d.r, 


char(T,T) -^ char{T' ,q*T) 

Remark 4.34. is the composition of 

^r+dim(T)(j.) ^ ^ (T') ■ 

It is written as simply q* in ]FHTVf . In the terminology of groupoids, q deter¬ 
mines a functor (q, q) : T' j jT' —> Tj jT and q* is the pull back along the functor 

Let us compute (T) by use of a Mackey decomposition. 

Theorem 4.35. 

^qK+k,rj.-. ^ fZ[A^//‘dq'(K^(nT))] k = dim(r) mod 2 
^ 1^0 k = dim(T) +1 mod 2 

Proof. From the definition of q^r, if one travels on T along n S nT, the character 

t5 

A G changes to A + ^dq{K^{n)). Therefore, the covering space constructed 
in Section 14.1.21 is 

p^ ^ Xn^ t ^ T, 

where fix acts on A|,/ via *dq o tP and A^/ r\ . It has a structure of a 
trivial vector bundle 

TT^ ^ xn^ t —>• A'^A/*dq{K'^(U t)). 

Through Thom isomorphism tt; ', we obtain the conclusion. □ 


Lemma 4.36. Let us consider the maps 

A^/K^inr) Ay/*dq{K^nT)) V Af,*7K«*"(nT'), 

where 

Cdq)modIlT{lX\T) ■= [‘dg(A)] 

KNtO:= M- 

[fi\ is the Hx-orbit of p. in A^A. 

Then char{q) corresponds to r* o [[*dq)modIlT)\. That is, the following 
commutative diagram holds. 


KiA-^/K^iUr)) 


(d dq)modIlT) 


KiA'^j.f /*dq{K^{IlT)) 


■K{Ay/K<i'^UT')) 


— 

char(T, r) 


char{q) 


char{T', q*T) 
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Proof. Since {*dq)modIlT is an injection, for A € A^, 


{Cdq)modnT)\{6[x]T) = 5[tdq{x)]- 
On the other hand, for A' € 

^*(V])= V+*d90"0))]T'' 

tiGTIt / dq(IIj ^/) 


If we notice that 


^•-'({[A']}) = {[A' + *dq(K^(n))]T^ln e nr/dqinr^)}, 


the above computation is clear from the definition of pull back of vector bundles. 
As we compute at Lemma 13.41 the above commutative diagram holds. □ 

Let us lift r to the covering spaces. We can verify the following lemma with 
the same way in Lemma [4.281 

Lemma 4.37. The following commutative diagram holds. 


A'ipA XiIt t 


{id'><.dq)mo(niq 


- Ay xn^, t' 


A') 


A^*,7‘dg(K"(nT)) 




where tt' : Ay Xn , ^ bPy jrP ’’(IIt’/) is the trivial vector bundle defined in 

the proof of Theorem \4.35\ and {id x dq)modIlT> {[X, v]) := [(A, ^^(u))]. 

From the above diagram, the vector bundle Ay Xn^., i' is the pull back of 
Ay Xnr f along r. 

Let us recall that push-forward is given by the inverse of the tensor product 
with Thom class. Combining the above lemma with naturality of Thom class, 
we obtain the following. 


Proposition 4.38. The following commutative diagram holds. 


K-{A^;f Xn, t) 

K{Ay/*dq{K^UT))) K{Ay/y-{ny) 


where {id x dq)modIlT'{[{tJ,,w)]) := [{p,,dq{w))]. 

Let us lift {^dq)modIlT to the covering spaces. 

The following lemma can be verified with the same way in Lemma 14.281 
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Lemma 4,39. The following diagram commutes. 

^ dqxid)modIlT 


Klf X t 

A5./«-(nT) 


> xiit, t 


ij-/ xn^ 


(f dq)modn.T 


Af:,7‘dg(K"(nT)) 


Vrjpj n, ) r ii-j-/ 

From Lemma 1 1.3 71 we can verify the following. 

Proposition 4.40. The following commutative diagram holds. 

K-{KT,xn^i) ^"(A^*/xn, i) 




{if dq)modIl.Tp)\ 


A iF(A^,7*dg(«7nT))) 


i^(A-/K7nT)) 

Let us verify that (id x dg)m.odn 7 ’/ is the lift of q, that is, if we use the 
notation in Theorem 14. 171 (id x dq)modIlT' can be written as q. 

Lemma 4.41. The following commutative diagram holds. 


A^/ X F 


AV Xu, i' 


T' 


idxdq 


{idxdq)modIl^ 


A^/ X i 


o(') 


A Ay,’” xiit f 


n(') 


T 


where p' and pF) are the natural projections. 

Proof. That p^ ^ o p(') o (id x dg) = q o p' o p' follows from the property of the 
tangent map dq, and that pF) o (id x dq) = (id x dq)modIlT op' follows from the 
definition of (id x dq)modIlT' . Therefore, that p^ ^ o (id x dq)modIlTi = qo p' 
holds. 

□ 


This lemma and Theorem 14 .1 71 imply the following. Let n be the dimension 
of T. 

Proposition 4.42. ((id x dq)modIlT')* corresponds to q* under the Mackey 
decomposition. That is, the following commutative diagram holds. 

Kp+^(T) 

Mackeyrp rp, 

K''(A‘)‘f xn, t) 


A:|,/+”(r) 

|Mocfceyj,/ j., 

{{id^dq)modIlTi)\ l,q*T ,, 

-5> K (Ay, Xnj„tj 
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Let us verify the theorem. 


Proof of Theorem \4-^^ Let us consider the following diagram. 






■Ky+^{T') 


xn^ t) 

TTt 

iL(A-/K"(nT)) 


MackeyT,T,T (1) 

{{*dqxid)modIlT)] 


Mackey^ (2) 


Mackeyrj,/ j,/ ^ 


( 3 ) 

dq)modIiT) 


iL"(A|.7 xn. i) if"(Ar xn,, t') 


,(') 


( 4 ) 


k(A«,7‘d(z(K"(nT))) 


■ Lf(A^,7K«*7nT0) 


(1) commutes from Theorem l4.20l (2) commutes from Lemma r4.41l and l4.17l 
(3) commutes from Proposition 14.401 (4) commutes from Proposition 14.381 
From Lemma 14.361 we obtain the conclusion. 

□ 


4.2.3 Local injection 


Let S and T be tori, / : S' —>• T be a local injection and r be a positive central 
extension. Let us recall that t.e.K{T,T) is defined by 
From Theorem 13. 101 / can be decomposed as follows. 


T, 


S 7 S/ker(/) 7^ S/ker(/) x S-^ ^ 

where q is the natural finite covering, fi is the natural inclusion into the first 
factor, and j : S"’~ —>■ T is the natural inclusion. 

Let us verify the following theorem. 

Theorem 4.43. If we define as 

f* ■.= q*oifo{f.j)*, 

the following commutative diagram holds. 

f* 


t.e.K{T,T) 


t.e.K{S,rT) 


M.d.r 


M.d.s 


char{T,T) - char{S,f*T) 


Proof. The following commutative diagram holds from Theorem 14.271 and The¬ 
orem [OS 


t.e.K(T,T) 

M.d.- 


if-j)* 


^ t.e.iF(S/ker(/) xS^,(/-jr7 

M.d.^ 


■■S/ker(/)xS^ 


char{T, r) 


char(f.j) 


> char{S/ ker(/) x S-^, (/ • j)*T) 


char{ii) 
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t.e.K{S/keT{f),il{f ■ j)*T) 


> t.e.K{SJ*T) 


M.d.s/ ker(/) 


M.d.s 


char{S/kei{f),il{f ■ j)*T) — char{S,f*T) 


Form Theorem 13. 121 

char{f) = char{q) o char(ii) o char{f ■ j), 
and by the definition, 

f* = q* o if o if -j)*. 
Therefore, we obtain the conclusion. 


□ 


4.3 For compact connected G with torsion-free tti 

Let us extend the above construction to compact connected Lie groups with 
torsion-free tti . 

Let G and H be compact connected Lie groups with torsion-free tti, r be a 
positive central extension of LG and the associated G-equivariant twisting over 
G, / satisfy the decomposable condition, and S and T be chosen maximal tori of 
H and G respectively such that f{S) C T. That is, the following commutative 
diagram holds. 

H —^ G 
S —^ T 

In this section, we use the same character for the restriction of homomorphisms 
to subgroup or induced map to the quotient group. For example, f : H ^ G 
determines group homomorphisms f '■ H/ ker(/) —> G and f : S ^ T. 

Let us recall the result in |FHT1) . 

Theorem 4.44 ( |FHT1] Theorem 4.27). If f is an injection and rankiG) = 
rank{H), the following commutative diagram holds. 



/*°/V 

j^f*T-\-rank{H) 

M.d.G 



M.d.H 


chariG, r) 

char{f)^ 

chariH, f*T) 


This theorem tells us that has been defined and holds naturality with 
char{f). Let us extend the result for more general cases. That is, we verify the 
following theorem. 
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Theorem 4.45. We can define for / satisfying the decomposable condition 
and the following commutative diagram holds. 


t.e.K{G,T) — - — t.e.K{H, f*T) 


M.d.G 


M.d.. 


char{G,T) - char{H,f*T) 


4.3.1 The decomposition of a homomorphism satisfying the decom¬ 
posable condition 

As we explain in the proof of Theorem 13.201 f : H ^ G can be written as the 
composition of the following series 

H ^ H/kerif) ^ i?/ker(/) x 5'-^ ^ G 

if / satisfies the decomposable condition. By restricting this sequence to maxi¬ 
mal tori, we obtain the following commutative diagram 


H - iH/keiif) 



S -^^/ker(/) 


^H/keiif) X S-^ 

K 

ixid 

I 

^S/kerif) X 





Moreover, by the definition of 5’'*-, (/ • j)*T can be written as 

Pl'’'H/ ker{f) 

where r^/ker(/) = ((/ • j) ° hfir and ts± = j*T. 

Let us notice that the restriction of q and f ■ j to maximal tori are finite 
coverings, and the one of ii is the natural inclusion into the first factor of the 
direct product. By use of theorems of the previous section, we construct for 

/. 


4.3.2 “Direct product” 

Let H he a compact connected Lie group with torsion-free tti, 5" be a maximal 
torus of H, be a torus, and th and ts^ be positive central extensions 
of LH and LS-^ respectively. ii : H H x S^, pi : H x —>• H and 

P2 : H X —>■ are as usual. Then, r := p\th is a positive central 

extension of L{H x S-^) and the associated H x S''*‘-equivariant twisting over 
H X S^. 

Let us define 


if : t.e.K{H x S'^,t) t.e.K{H,TH) 
by use of the family index map like the case of tori. 
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Theorem 4.46. If we define as 


if := indn^s^^H 

the following commutative diagram holds. 

i* 

t.e.K{H X S-^,t) ——> t.e.K{H,TH) 

M.d.j^xs-L M.d.H 

char{H X S^t) - char{H,TH) 

Let us start from the reduction to maximal tori, n := rank{H) and m := 
dim(5'-*-). 

Proposition 4.47. The following commutative diagram holds. 

t.e.K{H X S^,t) ^ t.e.K{S x x idfir) 

.fl ^ .f 

t.e.K{H,TH) —^- > t.e.K{S,i*TH) 

where {i x id)"^ and have been defined in Theorem \4.44\ 

Proof. 


X 5-L) -^ ^ 


X S^) 


( 1 ) 


(7/xS^) 


( 2 ) 

{ixid)* 




(3) 


“nxs-L.s.ilixH (4) 




id^indg_l 


Kffi+"{H) 


(5) 


id^ind 




(6) 


j^{iXid)*T-\-n+m , C-L\ 

■ ^5x5^ X ^ J 


(S' X s^) 


'SxS-L,S,i*TH 


■Ky^+'^{S)®K”^{S^) 


id<^indg^ 


K 


i* Tfj +n 


is) 


(1), (2), (5) and (6) clearly commute. 

(3) and (4) commute from Lemma 14.101 and 14.91 respectively. □ 

Proof of Theorem l4-4dl Let us consider the following diagram. 
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Let G := H X S-^, T := S X S-^ a.nd k := ixid : S X S-^ = T ^ H X S-^ = G. 


t.e.K{G, t) 


M.d.G (1) M.d.H 


■ t.e.K{H,TH) 


char{G, r)-^ char{H, th) 

(2) char(k) (3) char(i) (4) 

char(T, k*T) - ^-^char(S,i*TH) 


t.e.KiT, k*T) 


M.d.T (5) M.d. 

A# 


■ t.e.K{S, i*TH) 


We want to verify the commutativity of (1). Since char(i) is injective, this is 
equivalent to 

char{i) o M.d.n oif = char{i) o char(ii) o M.d.Q. 

The followings have been verified. 

(2) and (4) follow from Theorem 14.441 

(3) follows from the definition of char{ii). 

(5) follows from Theorem 14.271 

That o if = if o fc# follows from the above lemma (the biggest square). 
The following computation implies the theorem. 


char{i) o M.d.n oif = M.d.s oif 
= M.d.s ° if o k!^ = char{ii) o M.d.T o k^^ 

= char(ii) o char{k) o M.d.Q 
= char(i) o char{ii) o M.d.Q. 

□ 


4.3.3 “Finite covering” 

Let H, G be compact connected Lie group with torsion-free tti, r be a positive 
central extension of LG and the associated G-equivariant twisting over G, and 
/ : iJ —)• G be a smooth group homomorphism satisfying the decomposable 
condition such that the restriction of it to maximal torus is a finite covering. 
Let S and T be maximal tori of H and G respectively such that f{S) C T. 
That is, the following commutative diagram holds. 

H —^ G 

i k 

S —^ T 
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We verify the following theorem. 

Theorem 4.48. If we define as 

f* ■■= ro/^ 


the following commutative diagram holds. 


t.e.K{G,T) — - — t.e.K{H, f*T) 


M.d.a 


M.d.H 


char{G, r) - char{H, f*T) 


Remark 4.49. In Theorem \4.44\ the restriction of f to maximal torus is sup¬ 
posed to he injective. 

Proof. Let us start from the reduction to maximal tori, n := rank{H) = 
rank{G). 

Proposition 4.50. The following commutative diagram holds. 


f* 


t.e.K{H,rT) 


t.e.K{G, t) 


t.e.K{T,k*T) - > t.e.K{S,i* f*T) 

Proof. It follows from the following commutative diagram. 

^k^r-\-n 


k* 




s (G) 

k* 






(T) 


□ 


62 
























Let us consider the following diagram just like the proof of Theorem 14.461 


t,e,K{G,T) 


■t.e.K{H, f*T) 


M.d. 


M.d.H 


, . char(f) , . 

char{G, t) -^ char{H, f*T) 

O char{k) O char{i) 

I i 

char(T, k*T) -^ char(S, f*k*T) 

char(f) 


M.d.' 


t.e.K{T, k*T) 


■t.e.K{S, f*k*T) 


Verified commutativity is represented by “O”. Moreover, we have known the 
commutativity of the biggest square already in the above lemma. 

We want to verify that M.d.n o = char{f) o M.d.a- It can be verified 
with the same way in the case of Theorem 14.461 □ 


4.3.4 Proof of Theorem 14.451 

Let / : —>■ G be a smooth group homomorphism satisfying the decomposable 
condition, r be a positive central extension of LG. S and T are chosen maximal 
tori such that f{S) C T. 

Let us recall that we can define the orthogonal completion torus S'^ C T 
and decompose / as the following sequence 

H ^ H/kerif) ^ H/kei{f) x 5'-^ ^ G 

By restricting this sequence to maximal tori, we obtain the following commuta¬ 
tive diagram 

H - 1 H/ ker(/)- H/ ker(/) x ^ G 

i i txid k 

I 

5-1 S/ ker(/)-^ S/ ker(/) x ^ T 



Therefore, the following commutative diagram holds. 
U-j)* 


t.e.K{G^ t) 
M.d.a 




M.d. 


HI ker(/)x5-l 


char{f-j) 


char{G^T) - > c/iar(i7/ker(/) x 5“^, (/• j)*t) 


char{ii) 
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t.e.KiH/keT{f),iUf-jrT) t.e.K{HJ*T) 

]£„(/) 

char{H/ker{f),il{f ■ j)*T) char{H,f*T) 

The first and the third commutes from Theorem 14.481 The second commutes 
from Theorem 14.461 

From char{f) = char{q) o char(ii) o char{f ■ j), we obtain the conclusion. 


5 The quasi functor RL 

5.1 Positive energy representations of LT 

Representation theory for loop groups is well known ([PS]). Especially we have 
an explicit description of irreducible positive energy representations of loop 
groups of tori. 

Let us recall that LT has a canonical decomposition LT = T x IIt x U, 
where T is the set of initial values of loops, IIt is the set of “rotation numbers” 
(naturally isomorphic to 7ri(r) = 7ro(LT)) and 

f /3{s)ds = 0 
SI 

is the set of derivatives of contractible loops whose initial values are 0. 

Let T be a positive central extension of LT. The above decomposition is 
inherited partially, that is, LT” = (T x LIt)^ ® Cf”. 

C/” is called a Heisenberg group and has the unique irreducible positive 
energy representation : L"” ^ C/(Th(L'”)) at level t up to equivalence. Con¬ 
cretely, Vh{U'^) ■= S{{L{c)+) is a completion of the symmetric tensor algebra 
S{{Lic)+) of (Lfc)_|_, which we call Heisenberg representation. 

Remark 5.1. The differential representation of it can he regarded as the “com¬ 
pletion” of the Shrodinger representation of the infinite dimensional Heisenberg 
Lie algebra. 

When we choose a character X G A^, If” ^T'” acts on V-h{U”) 0 Ca by 

0 X{u ®t){v ® z) := P'h(u){v) ® X{t)z, 

where u £ [/”, t G T”, v G Vn{Lf”) and z G Ca. 

Then LT” = U” ® {T x Hy)” acts on 

X/ ®Cx+K^{n) 

nGllT 

where H^ permutes the components. The isomorphism classes of irreducible 
positive energy representations are in 1:1 correspondence with the points of 
Alj,/ k”{XVt) f [PSj Proposition 9.5.11). Moreover, 

1.w.t{Vix]) = [A]t- 


U := expj^ 
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5.2 Direct product 

Let Ti and T 2 be tori, ti and T 2 be positive central extensions of LTi and LT 2 
respectively, ii be the natural inclusion into the first factor of Ti x T 2 , and 
Pj : Ti X T 2 ^ Tj be the natural projection onto tha j’ th factor (j = 1,2). 
Then T := Ti x T 2 is a torus and r := pfri +P 2 T 2 is a positive central extension 
of LT ^ LTi X LT 2 . 

Using the above description, we will construct i\ : K^{LT) —>• 
and verify that the following diagram commutes. 


RL{T,t) - 'U > RL{Ti,i\T) 


l.W.' 


char{T,T) - char{Ti^i\T) 


In this situation, we have a natural isomorphisms LT = LTi x LT 2 and LT'^ = 
(g} that is, for any li, l[ € and I 2 , ^2 ^ h g I 2 ■ l[ g I 2 = 

hl'i g ^ 2 ^ 2 - Moreover, LT'^ = g Up g (Ti x IIi)'^! g (T 2 x 112 )'^^, where Ui 
is the group of contractible loops whose initial values are 0 of (j = 1, 2). 
From this commutativity, we can verify the following lemmas. 


Lemma 5.2. 

char(U)([A]T) = [‘dti(A)]Ti- 

Proof. Let us recall Lemma ri.l.'ll That is, = *dpi o o dpi + *'dp 2 o o dp 2 
when T = p\ti + P 2 '^ 2 - 

From this formula, we have a bijection for any A £ 


{*dii{X) + K^^{ni)\ni € Hti} x {*dz2(A) + K'^^(n2)|n2 G IlTa} 
dpi+ dp2^ pdpio*dii{X)+*dp20*di2{X)+*dpion'^^odpi{n)+*dp20K^^odp2{n)\n G Ht} 

= {A + k'^{ n)\n G IIt}. 

Since *dii o ^dp 2 = 0, we obtain the conclusion. □ 

Lemma 5.3. Let Vu{U'^) be the Heisenberg representation space ofU'^. Then 
Vuiup ^ VniUp) g VniUp) 
as representation spaces. 

Proof. This lemma follows from U'^ = Up g Up and the product formula of 
the symmetric algebra 

5'((Ltc)+) = ^((^(ti © i 2 )c)+) — 5'((Ltic)+ © (Lt 2 c)+) 
^5((Liic)+)©^((Lt2c)+). 

Factorization as representation spaces follows from the commutativity between 
LTp and LTp described above. □ 
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Lemma 5.4. Let A G hJp be a r-twisted character of T'^ = , then 

^ ^*cZ22(A) 


as representation spaces. 

Proof, t = ti ®t 2 G T'^ IS also written as ii(ti) • * 2 (^ 2 ), where ik : -G T'^ 

is induced from ■ Tk ^ T (/c = 1, 2). The following computation implies the 
statement. 

\{t) = \{ii{ti) ■ 12 (^ 2 )) = A(ii(ti))A(z2(<2)) 

= (hA)(fi)(z;A)(f2) 

When we regard the set of twisted character as a subset of Hom(n_Tj, Z), 

^ '^3 

zJA corresponds to *dzi(A). □ 

The above lemmas imply the following theorem. 

Theorem 5.5. We have an isomorphism 

a ^[ a ] = V[^dii(\)] ® y[^di2i\)] 


as representation spaces. 

Proof. 

^ X! ®'^A+K-(n) 

n^IlT 

— ® < 8 > Ctdii(A)+K’'i (ni) ® Ctcii2(A)+K^2 (ria) 

ni GHti ^nT 2 


[^uiur) ® Ctdii(A)+K"i(ni)] ® [VuiUif^) < 8 ) Ctrfi 2 (A)+K" 2 (n 2 )] 

niGllTi ,?^2^nT2 




® ctdi2(A)+„-2(„2) 

712 €11x2 


= ^[*dii(A)] ® V[tdi2(A)] 

Factorization as representation spaces follows from Lemma 15.31 15.41 and the 
bijection in the proof of Lemma 15.21 □ 


Since the dimension of l^tdi 2 (A)] is infinite, the following follows immediately. 

Corollary 5.6. When we regard an irreducible representation of LT'^ as a rep¬ 
resentation of LTp, it is never finitely reducible z/dimT 2 > 1. 

Motivated by this observation, we define the new “induced” representation 
ZjV[A] so that it has the compatibility with char{ii). 
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Definition 5.7. Let V be a finitely reducible representation space of LT'^. 


AV:= Y. 

[A2]eA5?/«-2(nT2) 

[A2]GAj?/K-2(nT2) 

where, Homj;^j.j 2 (VjA 2 ], i^V^) is the set of bounded intertwining operators. The 
topology of the left hand side is defined below. 

Proposition 5.8. fiV is a representation space of LTf^. The action is defined 
by 

(l.Ffiv) := l.iFiv)), 

where F G i[V, I G LTf^ and v G E[A2]ga5 ?/«-2 (n^^) ^[^ 2 ]- 

Proof. It is sufficient to verify that l.F is an intertwining operator. From the 
linearity of l.F, we can assume that v G V[A 2 ] for some [A 2 ] G /k'^'^(JIT 2 ). Let 
/ G LTf^, I' G LTf^ and F G Hom^^x 2 (VfA^] ,1*2^)- 

{l.F){l'.v) = l.{F{l'.v)) = l.{l'.{F{v))) 

= m.F{v) = {l'l).F{v) 

= l'.il.{Fiv))) = l'.{l.F)iv). 

The first and the last equality follow from the definition. The second one follows 
from that F is an intertwining operator. The third and the fifth one follow from 
that a representation is a group homomorphism. The fourth one follows from 
the commutativity described above. 

□ 


The following lemma is clear from the definition. 

Lemma 5.9. For any finitely reducible positive energy representation space Vi 
and V 2 of LT'^ at level t, 


A{Vi®v2) = Avi®Ay2- 

From this lemma, we can assume that V is irreducible. 

Theorem 5.10. 

*lflA] = L[‘dii(A)], 

therefore, i\ has a compatibility with chariii). 

If we define an inner product of the left hand .side can be defined by {Fi,F 2 ) := 
(Fi(r!), F 2 (v))vj^j , where v is a chosen unit vector in V[tdi 2 (A)]; l^his inner product 
does not depend on the choice ofv, and the above isomorphism is isometric. 
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Proof. Fix a completely orthonormal system {rcjjjgpj of From The¬ 

orem [531 ^[A] — J2j ® ^*di 2 (A)] as a representation space of LT^^. So we 
can decompose F S Hom^j.T 2 * 2 ^[a]) as 

3 

where Fj : V[tdi 2 (A)] ^ 0 = V[‘di 2 (A)]- 

By Schur’s lemma, Fj = Cjid for some Cj € C. Since F determines an 
operator, for any v S £ %]■ Therefore, 

<oo. 

IVIoreover, by Schur s lemma, if [A 2 ] [^dz 2 (A)], Hom 2 ^'j ’'’'2 (T[A2]:*2T[a]) = 0. 

Therefore, we can define an isomorphism 


E Hom^y-2 (V[A2], *2 T[a]) = Hom^j,-2 (V[*d*2(A)], *2 T[a]) V[i.A] 
[A]GA;yfc-2(nT2) 


by 


3 


Since |cjp < 00 , the infinite sum CjiCj converges. 

Moreover, since CjiCj is determined by F{v) = f 0 this isomor¬ 

phism is independent of the choice of v and completely orthonormal system. □ 


From this theorem, we obtain the following conclusion. 
Corollary 5.11. The following commutative diagram holds. 


RL{T,t) - > RL{T',ilT) 


l.W.T 


'•Ti 


char{T,T) - char{Ti,i\T) 


5.3 Finite covering 

In this section, we study in the case of a finite covering. 

Let q : T' —>■ T be a finite covering. We can compute char{q) from Lemma 
11.121 with the same way in Lemma 15.21 

Lemma 5.12. 


char{q){[X]T) = E [‘dq(A-f k^(to))]t', 

[mjGllT/rfijlnj,/) 


where m is a chosen representative element of [m]. 
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Remark 5.13. IlT'-orbit [*dq{X) + {dq{m))]T> is independent of a choice of 

representative element m. 

Proof. It follows from the following. 


{*dq{X + K^{n))\n G IIt} = {*dq{X) + *dq{K'^{n))\n G IIt} 

= {*dq{X) + *dq{K^{dq{n') + m))|n' G IlT',m G IVt/ dq{IiT')] 

]J fd(7(A + At"(m))+AC«*"(n')|n'GnT'}. 

m^IlT / dq{Ilrj,,) 

□ 


Let us define the induced homomorphism cf'. 

Definition 5.14. Let V be a finitely reducible representation space of LT'^. 

q'V:=q*V, 

where the action of LT"^ on q*V is defined through the homomorphism Lq. 

The following lemma is clear from the definition. 

Lemma 5.15. For any finitely reducible positive energy representation spaces 
Vi and V 2 of LT'^ at level t, 

q'{Vi © V 2 ) = q'Vi © <7^2. 


From this lemma, we can assume that V is irreducible. 

Theorem 5.16. 


9’(V[a])= ^ V[td,(A+KX („))]. 

m^HT /) 


Moreover, the following commutative diagram holds. 


R^{LT) 

l.W.'i 


Rd ^{LT') 

l.W.n 


char(T,T) -^ char{T',q*T) 


Proof. Since T and T' are locally isomorphic, the set of the derivatives of con¬ 
tractible loops whose initial values are 0 of T corresponds to one of T' by the 
natnral way. That is, LT'^ ^ (T x HtV © ^ (T' x 

and U'^ = [79 Therefore, the Heisenberg representations V-h of IF^ C LT'^ 
coincide with one of C LT"^ . 


'7*(^[A]) = <?*( X/ ^ ® Ca+kx(„)) = ^ Vh © ^tdq(\+K^{n)) 
n^riT n^riT 
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m^IlT/dq{Yirj,,) n'^Iirj,, 

= ^ ^[‘d9(A+K^(m))] 

m^Il'j' / dg(n^/) 

Commutativity of the above diagram is clear from this description and Lemma 

□ 


5.4 Local injection 

Let / : T' —>• r be a local injection. From Theorem 13.101 we can decompose / 
as the following sequence 

T' T'/ ker(/) ^ T'/ ker(/) xT^ ^T, 

where q and / • j are finite coverings, *i is the natural inclusion into the first 
factor. 

Definition 5.17. 

f- := q- oi[o {f ■ j)- 

The following theorem follows from Corollarv IS.lll Theorem l5.16l Theorem 
13.101 and the same argument in the proof of Theorem 14.431 

Theorem 5.18. The following commutative diagram holds. 


H^{LT) 

> Rf^iLT') 

l.W.T 


char{T, r) 

char{r,rr 
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